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Abstract 



Let G be a reductive group over a field k of characteristic ^ 2, let g = Lie(G), let d be an involutive 
automorphism of G and let g — J0p be the associated symmetric space decomposition. For the case 
^ . of a ground field of characteristic zero, the action of the isotropy group on p is well understood, 

since the well-known paper of Kostant and Rallis |Ej . Such a theory in positive characteristic has 
proved more difficult to develop. Here we use an approach based on some tools from geometric 
' invariant theory to establish corresponding results in (good) positive characteristic. 

Among other results, we prove that the variety J\f of nilpotent elements of p has a dense open 
orbit, and that the same is true for every fibre of the quotient map p — s- p//G^. However, we show 
that the corresponding statement for G, conjectured by Richardson, is not true. We provide a 
new, (mostly) calculation-free proof of the number of irreducible components of J\f, extending a 
result of Sekiguchi for k = <C. Finally, we apply a theorem of Skryabin to describe the infinitesimal 
' invariants fc[p]'. 



Introduction 

^ I Let G be a reductive algebraic group over the algebraically closed field k of characteristic p ^ 2. Let 
j. ' be an involutive automorphism of G and let dO : q — > g be the corresponding linear involution 

■ of = Lie(G). There is a direct sum decomposition g = t © p, where ^ = {x £ g\d9{x) = x} and 
p = {x £ Q\d6{x) = —x}. Let = {g £ G\6{g) = g} and let K be the connected component of G^ 

' containing the identity element. K is reductive and normalises p, and 6 = Lie(i^). 

■ The idea of the representation G^ — > GL(p) as a 'generalized version' of the adjoint representation 
goes back at least as far as Cartan; but achieved a certain maturity in the well-known work ^7j. There 

I Kostant and Rallis show that the action of G^ on p exhibits similar properties to the adjoint action 
' of G on 3. In the set-up of FT7|, g is a complex reductive Lie algebra, G is the adjoint group of g and 
9 is an involution of g defined over a real form gij. Many of the arguments in .17.^ use compactness 
^ I properties and 5[(2)-triples. These arguments are not valid in positive characteristic. On the other 
hand, Kostant-Rallis' results are generally assumed to be true over arbitrary (algebraically closed) 
fields of characteristic zero. 
I More recent work by Vust ,43 and Richardson j31j considers an analogous 'symmetric space' 

decomposition in a reductive algebraic group G. The object corresponding to p is the closed set 
P = {g9{g^^) I g G G}: G acts on P by the twisted action x * {g6{g~^)) = xg9{g^^)9{x^^). lix £ K, 
this action is just ordinary conjugation. (It was proved by Richardson that the twisted action induces 
a G-equivariant isomorphism of varieties a : G/G^ ^ P, where G/G^ is the space of left cosets of G 
modulo G^.) 

This paper will extend the analysis in the first two chapters of to the case where p is a good 
prime. Our exposition proceeds along similar lines to The main obstacles to be overcome are 

the construction of a d^-equivariant trace form on g (Sect. 01) and the replacement of the language of 
5l(2)-triples with that of associated cocharacters (Sect. [SJ. These adjustments allow us to generalise 
all of the relevant parts of |12|. In addition: in Sect. 15.51 and Sect. 16.31 we give a new proof the 
number of irreducible components of the variety N of nilpotent elements of p (following Sekiguchi [23] 
in characteristic zero); we show in Sect. 16.41 that a conjecture of Richardson concerning the quotient 
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morphism vr : P ^ P//K is false; finally, we apply a theorem of Skryabin to describe the ring A;[p] % 
where Ki is the z-th Frobenius kernel of K. 

A torus A in G is 9-split if 6{a) = a^^ for all a G A. It was proved by Vust that the set of maximal 
0-split tori are ET-conjugate. Let a be a toral algebra contained in p. If a is maximal such, then by 
abuse of terminology we say that a is a maximal torus of p. 

Lemma 0.1. Let a be a maximal torus of p. Then 3g(a) Dp = a, and there exists a unique maximal 
6-split torus A of G such that Lie(^) = a. 

We reintroduce Kostant and Rallis' definition of a Cartan subspace, and check that it is valid in 
positive characteristic. We provide a short proof of the following result from |17j . 

Theorem 0.2. Any two Cartan subspaces of p are conjugate by an element of K. The Cartan 
subspaces of p are just the maximal tori of p . An element of p is semisimple if and only if it is 
contained in a Cartan subspace. 

The only assumption required for the above is (A) that p is good for G. We make the further 
assumptions from Sect. El onwards: (B) the derived subgroup of G is simply-connected, and (C) 
there exists a non-degenerate G-equivariant symmetric bilinear form k : q x q — > k. The hypotheses 
(A),(B), and (C) are sometimes known as the standard hypotheses. 

In order to make maximum use of the assumption (C), we would like the form k to be d6- 
equivariant. This is straightforward in characteristic zero, but requires a more subtle argument if 
the characteristic is positive. In order to construct the required k, we develop a 0-stable version of a 
reduction theorem of Gordon and Premet. We then use this reduction theorem to prove our desired 
result. 

Lemma 0.3. The trace form k in (C) may be chosen to be dO-equivariant. 

The (i^-equivariance of n allows us to proceed as in 17^ in Sect. 0] 

Lemma 0.4. Let x G p. Then dmiii{x) — dim3p(x) = dim6 — dimp. 

With Lemma l0.4l we can define regularity: an element x G p is regular if dim3g(x) < dim3g(y) for 
ah y G p. 

Lemma 0.5. Let x G p. The following are equivalent: 

(i) X is regular, (ii) dim3g(a;) = dimg"^, (Hi) d\mii{x) = dim 6"^, (iv) dim3p(x) = dimvl. 

Recall that, for a rational representation p : H — > GL(y), an element v \s IL -unstable if is 
in the closure of p{H){v). 

Lemma 0.6. Let x G p. Then x is K-unstable if and only if x is nilpotent. 

It follows fairly quickly that: 

Lemma 0.7. Let x G p, and let x = Xg + x„ be the Jordan- Chevalley decomposition of x. The unique 
closed (resp. minimal) K -orbit in the closure of Ad K{x) is Ad K{xs)- 

It is well-known from Mumford's Geometric Invariant Theory that the closed i^-orbits in p are in 
one-to-one correspondence with the /c-rational points of the quotient p//K = Spec(A;[p]^). We have a 
Chevalley Restriction Theorem for p//K. The proof follows Richardson's proof of the corresponding 
result for the action of on P = {g^'^0{g) \ g G G}. 

Theorem 0.8. Let A be a maximal 9-split torus of G, and let W = Ng{A)/Zg{A). Let a = Lie(j4). 
Then the natural embedding j : a ^ p induces an isomorphism of affine varieties j' : a/W pjjK. 
Hence k[p]^ ^ k[a]^ . 

If is a complex reductive Lie algebra with adjoint group G, then by a well-known classical result 
is a polynomial ring in (rkg) indeterminates. Here a straightforward application of Demazure's 
theorem on Weyl group invariants gives the analogous result: 
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Lemma 0.9. There are r = dim^ algebraically independent homogeneous polynomials /i,/2,--- , fr 
such that k[a]^ = k[fi, f2, ■ ■ ■ , fr]- Moreover, 



where I is the length function on W corresponding to a basis of simple roots in 

In Sect. El we consider in more detail the set of nilpotent elements of p, denoted M. In general M 
is not irreducible (and therefore not normal as is in every irreducible component). However, it is 
straightforward to prove (following jl7j): 

Theorem 0.10. Let J\fi,M2, ■ ■ ■ ,Mm be the irreducible components of J\f . The number of K- orbits in 
M is finite. Each irreducible component Mi is normalized by K , contains a unique open K -orbit, and 
is of codimension r = rkA in p (where A is a maximal 0-split torus). An element of Mi is in the open 
K-orbit if and only if it is regular. 

Let K* = {g G G\ g^^O(g) £ Z{G)}. In jJT] it was proved that the irreducible components of M 
are permuted transitively by K*. For the proof, Kostant and Rallis showed that any regular nilpotent 
element of p can be embedded as the nilpositive element in a principal normal 5[(2)-triple, and that any 
two principal normal s[(2)-triples are conjugate by an element of K*. (A principal normal s[(2)-triple 
{h, e, /} is one such that e, / G p are regular and h E t.) Clearly, this argument cannot be applied if 
the characteristic is small. To prove it in our case we replace the language of s[(2)-triples with that of 
(Pommerening's) associated cocharacters. A reinterpretation of Kawanaka's theorem ^1] on nilpotent 
orbits in graded semisimple Lie algebras gives the following: 

Corollary 0.11. Let e £ M. Then there exists a cocharacter \ : — > K which is associated to e. 
Any two such cocharacters are conjugate by an element of ZK{e)° . 

The key step in proving that the set of regular nilpotent elements is a single i^*-conjugacy class 
is the following lemma. For the proof, we reduce by a number of tricks to the case where G is 
almost simple, e is semiregular in g, and = AdA(to)) where A is an associated cocharacter for e and 
to = \/— 1- It is then fairly straightforward to prove the Lemma case-by-case (see Sect. 15. 4|) . 

Lemma 0.12. Let e £ M and let A : — > K be associated to e. There exists g £ G such that 
(Intg) o X is 9 -split. Equivalently Intn o A = —A, where n = g~^9{g). 

As a consequence, we have: 

Corollary 0.13. Let A be a maximal 9-split torus of G and let H be a basis for $^ = ^(G,A). Then 
e is regular in p if and only if A is G-conjugate to the cocharacter uj : — > A D G^^^ satisfying 
{a,uj) = 2 for all a G 11. 

The above Corollary shows that any regular nilpotent element of p is even (see Rk. l5.12l for details). 
It is now a fairly straightforward task to deduce that: 

Theorem 0.14. The regular elements Mreg C M are a single K* -orbit. Hence K* permutes the 
components of M transitively. 

It is easy to give examples such that M is not irreducible. In |35j, Sekiguchi classified (over /c = C) 
the involutions for which M is not irreducible. Our analysis of associated cocharacters, combined 
with the classification of involutions (see for example j39j). simplifies the task of extending Sekiguchi's 
results to positive characteristic. We begin with the following observation. 

Theorem 0.15. Let e,A be as above and let G = Zg{X) H Zcie) (the reductive part of Zde), see 
m Thm. 2.3]). Let Z = Z{G) and P = {g~^9{g)\g G G}. Denote by t : G — > P the morphism 
g ^ g^^9{g), and by P the set of G^ -orbits in Mreg- 




1=1 



3 



(a) The map from K* to T given by g gG^ ■ e is surjective and induces a one-to-one correspon- 
dence K*/G^C — > r. 

(h) The morphism r induces an isomorphism K* /G^C — > {Z n A)/t{G). Since Z C G, there is 
a surjective map {Z n A)/t{Z) — > {Z n A)/t{C). 

(c) The embedding F* ^ K* induces a surjective map F* /F{Z r\ A) -^T . 

(d) The map F* ^ Z r\ A, a ^ induces an isomorphism F* /F{Z Pi A) — > Z n A/{Z n Af . 

Thm. 10.151 holds for an arbitrary reductive group G. If G is semisimple and simply-connected, 
then G^ = K hy a. result of Steinberg, hence the G^-orbits in Mreg are in one-to-one correspondence 
with the irreducible components of M . We can use this observation together with Thm. 10.151 to 
describe the number of irreducible components of M for any involution of an almost simple group. An 
involution of G is of maximal rank if the maximal 0-split torus A is a maximal torus of G. If G is 
almost simple and 6 is of maximal rank, then {Z r\ A) /t{G) = Z/Z"^. For example, Thm. 10. 151 implies 
immediately that the variety of n x n symmetric nilpotent matrices has two irreducible components 
if n is even, and is irreducible if n is odd. (See Sect. 15.51 and Sect. 16. ^-{1 for further details.) 

In Sect, iniwe generalise Kostant-Rallis' construction of a reductive subalgebra 0* C g such that a 
is a Cartan subalgebra of g* . 

Theorem 0.16. Let u) he as in Cor. \0.1S\ and let E G fl(2;w) he such that [q^,E\ = q{2;uj). Let g* 
be the Lie subalgebra of q generated by E,d9{E) and a. 

(a) a is a Cartan subalgebra of g*. There exists a reductive group G* satisfying the standard 
hypotheses (A)-(C), such that Lie(G*) = g*. 

(b) There is an involutive automorphism 9* of G* such that dO* = dO]^*. 

In ^Tj; it was proved that each fibre of the quotient morphism vr : p — > P/-^ has a dense open 
(regular) i^*-orbit. Let K* act on P by conjugation (this is valid by |3H 8.2]). In |31| . Richardson 
conjectured that there is a dense open iir*-orbit on each fibre of the quotient morphism ttp : P — > 
P//K = P//K* ^ A/Wa (see 8.3-4]). 

Theorem 0.17. (a) There is a dense open K*-orbit in each fibre of iTp. 
(b) The corresponding statement for t: p is false. 

We draw some further conclusions from Thm. 10.161 Let 6* = g* n 6, p* = g* n p. By Thm. IU.8l and 
the Chevalley Restriction Theorem, /c[p]^ = k[a]'^A = k[Q*f*. 

Lemma 0.18. If two elements of q* are G* -conjugate, then they are G-conjugate. 

This allows us to establish the following equivalence: 

Lemma 0.19. Let x £ p*. The following are equivalent: (i) x is a regular element ofp, (ii) x is a 
regular element of Q* , (Hi) ii*{x) = 0, (iv) <lmiip*{x) = r = dim a. 

Let e G p* be a regular nilpotent element. By Cor. lO.lll there exists a cocharacter A : k^ — > {G*Y 
which is associated to e. Hence we can choose a A-graded subspace d of p* such that [e, g*] © d = g*. 
Then we also have [e,€] © d = p. It is known that every element of e -|- d is regular in g*, 

that the embedding e -|- d ^ g* induces an isomorphism e -|- d — > q* //G* , and that each regular orbit 
in g* intersects e -|- d in precisely one point. 

Lemma 0.20. Let j be the composite of the isomorphisms k[p]^ — > A;[a]'^ — > A;[g*]'^ and let f G 
k[p]^,g e k[Q*f. Then j{f) = g if and only if f\e+ D — g\e+xi- Hence the embedding e -|- d ^ p 
induces an isomorphism e + Xs — > , and each regular K* -orbit in p intersects e + Xs in exactly one 
point. 

In particular we have: 

Corollary 0.21. Let k[p\^ = k[ui,U2, . . . ,Ur\. The differentials {dui)x are linearly independent for 
any regular x G p. 
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The above observation ahows us to apply Skryabin's theorem on infinitesimal invariants to show 
that: 

Theorem 0.22. Let k[p]^^''^ denote the ring of allp'-th powers of elements of k[p\ and let Ki denote 
the i-th Frobenius kernel of K . 

(a) k[p\^^ = k[p\^'^''\ui,U2, ■ ■ ■ ,Ur\, and is free of rank p^^' over A;[p](^''' . 

(h) k[p\^^ is a locally complete intersection. 

Notation. The connected component of an algebraic group G (containing the identity element) 
will be denoted G° . li 9 is an automorphism of G, then we denote by the isotropy subgroup 
{5 G G I 6{g) = 5}. We use similar notation for the fixed points of an algebra or Lie algebra with 
respect to an automorphism or group of automorphisms. If x G G, then Zg{x) (resp. g^') will 
denote the centralizer of a; in G (resp. in g). Similar notation will be used, where appropriate, for 
the centralizers in K,t,p, etc. We write x = XsXu (resp. x = Xs + Xn) for the Jordan-Chevalley 
decomposition of x E G (resp. x S g), where Xs is the semisimple part and Xu is the unipotent part 
(resp. Xn is the nilpotent part) of x. Throughout the paper we write g ■ x (resp. g ■ A) for Adg{x) 
(resp. Adg o A), where g £ G and x £ q (resp. A is a cocharacter in G). 
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1 Preliminaries 

Let G be a reductive algebraic group over the algebraically closed field k of characteristic not equal 
to 2. We assume throughout that char k = p is good for G. (Let A be a basis for the root system $ 
of G, let a be the longest element of $ relative to A, and let a = X^^g^ Then p is good for 

G if and only if p > for all (3 € A.) Let 9 : G — > G be an involutive automorphism and let K 
denote the connected component of the isotropy subgroup G^. Let g = Lie(G). Then g = t©p, where 
i = {x £ q\ d9{x) = x},p = {x £ g| d9{x) = -x}. Clearly C 6, [t,p] C p, and [p,p] C I. Hence 
we have a Z/2Z-grading of g. By ^ 8.1], K is reductive. Moreover, Lie(/r) = « by ^ §9.1]. The 
following result is due to Steinberg [411 7.5]: 

- There exists a Borel subgroup B of G and a maximal torus T contained in B such that 0(B) = 
B, e{T) = T. 

Following Springer we call such a pair {B,T) a fundamental pair. Let (B, T) be a fundamental 
pair and let A be the basis of the root system $ = <I>(G,T) corresponding to B. Let {/ia,e/3 : a £ 
A,/3 G $} be a Chevalley basis for g' = Lie(G^^^). There exist constants {c(q) £ k^ : a £ ^} and an 
automorphism 7 of <I> with 7(A) = A such that d9{ea) = c(a)e^(Q) for each a £ ^. It is easy to see 
that: 

- c(a)c(7(a)) = 1, 

- If ^{a) 7^ a, then either 7(a) and a are orthogonal, or they generate a root system of type A2, 

- c{a)c{—a) = 1, 

- 9{ha) = h^{a) for all a £ A. 

If G is semisimple, then the data 7 and {c{a),a £ A} fully determine dO. In the general reductive 
case, we need a little more preparation. 

Recall that g is a restricted Lie algebra. Thus there is a canonical p-operation on g, denoted 
X 1-^ x^^. If G is a closed subgroup of some GL{V), then g is a subalgebra of gi{V) and the p- 
operation is just the restriction to g of the p-th power map of matrices. An element t S g is a toral 
element if t^^] = t. A subalgebra of g is a toral algebra if it is commutative and has a basis of toral 
elements. If T is a torus in G then Lie(T) is a toral algebra in g. For a toral algebra 5 C g, we denote 
by 5^°^ the set of all toral elements in s: s*'"' is a vector space over the prime subfield ¥p of k, and 

5 ^ 5*°'^ k. 
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Lemma 1.1. Let 9 be an automorphism of G of order m, p\m, let T he a 9-stable torus in G and let 
t = Lie(T), t' = Lie(T n G^^^). There exists a 9-stable toral algebra 5 such that t = t' © s, and hence 
= £l' ©s (vector space direct sum). 

If m\{p — 1), then we can choose a toral basis for s consisting of eigenvectors for d9. 



Proof. As d9 is a restricted Lie algebra automorphism, the sets and (t') are d^-stable. Therefore 
by Maschke's Theorem there is a d^-stable Fp- vector space s*°^ such that t*""" = (t')*°'' ©s*"*". Let s be 
the toral algebra generated by s*"*". Then t = t' © 5. 

To prove the second assertion, we consider the action of dO on s*°''. As 9 has order m, the minimal 
polynomial m{t) of d9\gtor divides (t*" — 1). But if m divides {p — 1) then there is a primitive m-th 
root of unity in Fp, hence m{t) splits over Fp as a product of distinct linear factors. In other words 
d9\^tor is diagonalizable. Choose a basis for s*"*" consisting of eigenvectors for d9. This completes the 
proof. □ 

Let us return now to the case where 9 is an involution. It may be illustrative at this point to give 
explicit bases for t and p. 



For t: < 





ai G A,7(ai) = a,. 


ha, + h^{a,) 


ai G A,7(ai) / Oj, 




Q G <I>,7(a) = a and c(a) = 1, 


Ca + c(a)e^(a) 


a G 7(0;) 7^ a, 


ti 


l<i<l. 




ai G A,7(ai) / Oj, 




a G <I>,7(a) = a and c(q) = — 1 


ea c(o)e.y(Q) 


a G <I>, 7(a) / a. 




1 < i < /i. 



For p: 

The elements ti , t'- are toral elements spanning the toral algebra s of Lemma 11.11 With this 
description we can prove the following useful lemma: 

Lemma 1.2. The following are equivalent: 

(i) p is a toral algebra contained in 3(0), 

(ii) There are no non- central semisimple elements in p, 
(Hi) There are no non-zero nilpotent elements in p, 
(iv) 9\q(i) is trivial. 

Proof. Clearly (i) =^ (ii) and (i) =^ (iii). Suppose (iv) holds. Then, by the above remarks p is a toral 
algebra contained in t. Let t £ p and let a G hence G 0' C J. Then [t,ea] = da{t)ea G p =^ 
da{t) = 0. Thus t G 3(0), and (i) holds. 

To complete the proof we will show that (ii)^(iv) and (iii)^(iv). Keep the notation from above, 
and suppose that 9\q(i) is non-trivial. We will show that (ii) cannot hold. Assume first of all that 
9\q(i) is inner. There is some q G A such that G p. Moreover c-a G p also, since c(a)c(— a) = 1. 
Hence s = Ca + e_Q, is a semisimple element of p. But s is not in [) and therefore 5^3 (see ^1 2.3]). 
Assume therefore that 7 is non-trivial. Then a 7^ 7(0;) for some a G A. Hence h = ha — ^^(o) G p. 
If (ii) holds then /i G 3, hence char A; = 3 and a, 7(a) generate a subsystem of <I> of type A2. Thus 
[eo,e^(c,)] = Nea+-y(a) G p, / 0. Therefore ea+.y(a) £ P, and by the same argument e_(^a+-r(a)) S p. 
Let s = ea+^(a) + ^-{a+-y{a))- Then s is a semisimple element of p not in 3(0). 

We have shown that (ii) =^ (iv). It remains to prove that if 9\q{i) is non-trivial then there is 
a non-zero nilpotent element of p. If 7 is non-trivial, then we choose a with 7(a) 7^ a and set 
n = Ca — d9{ea) = — c(a)e^(cf)- If ^Ig(i) inner, then we can choose a G ^ with G p. This 
completes the proof. □ 

We will require the following observation of Steinberg: 
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Lemma 1.3. Let G be a semisimple group and let 9 be an automorphism of G. 
universal covering of G. Then there exists a unique automorphism 6sc of Gsc 
diagram is commutative: 



Let vr : Gsc G be the 
such that the following 



Gs 



Gs 



TT 



TT 



If 9 is an involution, then so is 9sc- 

Proof. The first statement follows from '41' 9.16]. But now by uniqueness, if 9 is of order 2 then so is 
9sc- ' □ 

Finally, we make the following observation for later reference. 

Lemma 1.4. Let G = GL{n,k),Q = Lie(G),0' = Lie(G'^-'^^). We denote by AutG (resp. AutgJ the 
(abstract) group of algebraic automorphisms of G (resp. restricted Lie algebra automorphisms ofg). 

(i) AutG contains IntG, the inner automorphisms, as a normal subgroup of index 2. For n > 3 
(resp. n = 2) let 4> : G — > G be the involution given by g ^ *g~^ (resp. g i— > g/{det g) ) and let G be 
the subgroup of AutG generated by (p. Then AutG is the semidirect product of IntG by G (resp. the 
direct product of Int G and G ). 

(a) The natural map AutG — > Aut(G^^^) is bijective if n > 3, and surjective with kernel C for 
n = 2. 

(Hi) For any 9 £ AutG, the differential d9 is a restricted Lie algebra automorphism of G. The 
map d : Aut G — > Aut g is infective and d : Aut G*-^-* — > Aut g' is bijective for all n and p. 

(iv) If p \ n then Aut g = Aut g' x . Ifp\n then Aut g = Aut g' x B, where B is the cyclic group 
of order p generated by the automorphism x i-^ x + (tr x)I and I is the identity matrix. 

(v) If 2 ^ p\n then for any involution 7] of the restricted Lie algebra g' there is a unique involutive 
automorphism 9 of G (resp. ip of q) such that d9\g' = r] (resp. Vig' = i])- 

Proof. If n = 2, then all automorphisms of G*-^-* are inner. Otherwise, Aut G*-^-* is generated by 
IntG^^) together with the outer automorphism g i— > ^g~^ §14.9]). Hence the restriction map 
AutG — > AutG*-^-* is surjective for any n. Suppose 9 G AutG is such that 9{g) = gWg £ G^^\ Then 
9 is trivial unless 9{z) = for all z £ Z{G). This possibility clearly only occurs if n = 2 and 
9 : g ^ g/{detg). Hence we have proved (i) and (ii). 

The automorphism group of the abstract Lie algebra g' is given in 10 . We can see easily from 
the tables in ^U] that d : AutG^^^ — > Autg' is bijective (and that any automorphism of the abstract 
Lie algebra g' is a restricted Lie algebra automorphism) unless n = p = 2. We deal with this case as 
follows: Let {h, e, /} be the standard basis for g'. Then h is the identity matrix, and in fact is the only 
non-zero toral element of g'. Hence any 9 G Autg' satisfies 9{h) = h. Suppose 9(e) = x. Then, since 
any two non-zero nilpotent elements of g' are conjugate, there exists g £ G*^^-* such that Adg{e) = x. 
But there is a unique nilpotent element y £ q' such that [x,y] = h. Hence Ad g{f) = y = 9{f). It 
follows that 9 = Adg. Thus differentiation d : AutG^^^ — > Autg' is surjective. Injectivity follows 
from the fact that ker Ad = Z[G). 

We have shown that d : Aut G*^^^ — > Aut g' is bijective for all n and p. Therefore d : Aut G — > 
Autg is injective for all n > 3. Injectivity for n = 2 will follow from (iv), since d(f) : x x — {trx)I. 
Suppose first of all that p f n. Then g = 3(g) © g', hence Autg = Autg' x Aut 3. The toral algebra 
3 is generated by the identity matrix. Hence Aut 3 consists of the maps \I — > mXI with m G . 
Thus Autg = Autg' x F^. Assume therefore that p\n. As AutG — > AutG^^^ is surjective and 
AutG^^^ = Autg', any automorphism of g' can be extended to an automorphism of g. Therefore 
Autg — > Autg' is surjective. Let (p £ Autg be such that </>(x) = x Vx G g'. Let Cij be the matrix 
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with 1 in the (i,j)-th position and elsewhere. By considering the values da{d6{eii)) for a G we 
see that d6{eu) = en + XI for some A G A;. Moreover e^fl = en, hence A € Fp. It follows that 6 must 
be of the form 6x : x ^ x + X{trx)I for some A G Fp. Moreover 9x is a valid automorphism of g for 
each A G Fp. The description of Autg follows. 

To prove (v), suppose 2 ^ p\n. Then AutG — > Autg' is bijective, hence for each involution rj 
of q' there is a unique automorphism 9 of G, necessarily involutive, such that d6\g' = r]. Moreover, 
Autg = Autg' x B, where S is a cyclic group of order p. Hence there is a unique element il) G Autg 
of order 2 such that V'lg' = ??• D 



2 Cartan Subspaces 
2.1 Maximal Toral Algebras 

In Kostant and Rallis defined Cartan subspaces of p and showed that any two Cartan subspaces 
are -fC-conjugate. In this section we will show that this extends to positive characteristic. We follow 
|17j . although Lemma 12.91 and Cor. 12.101 are new. 
We begin with two easy lemmas. 

Lemma 2.1. Let x G g, and denote the Jordan-Chevalley decomposition of x by Xg + Then x G ^ 
(resp. if and only i/xs,x„ G 6 (resp. pj. 

Proof. Any automorphism of g maps semisimple (resp. nilpotent) elements to semisimple (resp. nilpo- 
tent) elements. Thus 9{x) = 9{xs) + 0{xn) is the Jordan-Chevalley decomposition of 9[x) for any x G g. 
Hence 9{x) = Ax if and only if 9{xs) = \xs,9{xn) = Ax^. □ 

The following lemma is in j31j . For completeness, we reproduce a proof here. 

Lemma 2.2. Let T be a 9-stahle torus ofG. Let T+ = (Tn A')° and r_ = {t G T\9{t) = t"^}". Then 
T = T^ ■ T^ and the intersection is finite. Let t = Lie(T). Then int = Lie(r+) and tPl p = Lie(T_). 

Proof. Clearly r_|_ and T_ are subtori of T. We consider the surjective morphism p^ : T — > T+, 
t t9{t). Evidently r_ is the connected component of ker|?+ containing the identity element. Hence 
dimT_ + dimT+ = dimT. Moreover T+ n T_ is clearly finite. Thus T+ • T_ = T. Clearly Lie(T+) C ^ 
and Lie(r_) C p. Therefore 1 13 Lie(r+) © Lie(T_). By equality of dimensions t = Lie(r+) © Lie(r_), 
from which the second part of the lemma follows immediately. □ 

We call a toral algebra a a maximal torus of p if it is maximal in the collection of toral algebras 
contained in p. 

Lemma 2.3. Let a be a maximal torus of p. Then 3p(a) = a. 

Proof. Let L = Zcia). Then L is a ^-stable Levi subgroup of G, hence p is good for G. Moreover 
[ = Lie(-L) = 3g(a) = 3{(a) © 3p(a) by m §9.1]. Since o is maximal all semisimple elements of [ n p are 
in a. Applying Lemma IT^ we see that 3p(a) is a toral algebra. Thus 3p(o) = o. □ 

A torus ^ in G is 9-split or 9-anisotropic if 9{a) = a^"^ for all a G vl. 

Lemma 2.4. Let a be a maximal torus of p. Then there is a unique maximal 9-split torus A of G 
such that a = Lie(^). 

Proof. Let L = Zda) and let [ = Lie(L) = 3g(a). Since Inp = a C ^(t), 9\^(i) is trivial by Lemma [L2l 
Let S be any maximal torus of L: then S = {S H L^^"^) ■ Z{L)°. Hence A = S- C Z{L). Moreover, 
ci ^ 3(0 ^ Lie(S') by ^1 2.3]. It follows that Lie(^) = a. It remains to prove uniqueness. But 
A C Z{L), hence A is the unique maximal 0-split torus of L. □ 
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2.2 Summary of Results On Maximal ^-split Tori 

The main idea of is that the pair {G^,p) (with acting on p via the adjoint representation) 
can be thought of as a generahsed version of the pair (G, g). In the new setting the role of Cartan 
subalgebra of q is taken by the maximal toral algebra o of p. By Lemma 12.41 there exists a maximal 
0-split torus A oi G such that Lie(j4) = a. Hence it is useful to recall some results of Vust, Richardson, 
and Springer concerning maximal 0-split tori. 
By Vust we have (PI §1]): 

- Any two maximal 9-split tori of G are conjugate by an element of K . 

It follows immediately from Lemma [2.4l that any two maximal tori in p are conjugate by an element 
of K (this also follows from Thm. l2.11l below). Let F be the finite group of all a £ A satisfying = e, 
the identity element of G. It is easy to see that F C G^ , hence that F normalizes K. Moreover: 

-G' = F-K (g^^lj). 

If G is not adjoint, we are in fact more interested in the group K* = {g £ G\ g^^O{g) G Z(G)} 
introduced by Richardson in [SJ. Let tt : G — > G/Z{G) = G be the projection onto the adjoint 
quotient G, and let 6 be the unique involutive automorphism of G making the following diagram 
commutative: 



G 



TT 



G 



TT 



Then K* = tt-\G ). We have (see ^ 8.1]): 

- F* normalizes K and K* = F* ■ K . 

Let = ^{G,A), the roots of G relative to A, let 5 be a maximal torus of G containing A, let 
$5 = <^{G,S) and let Ws = W{G,S). By [HH 2.6(iv)] S is ^-stable. Denote by 9* the automorphism 
of induced by 9. A parabolic subgroup P of G is 9-split if P n 9{P) is a Levi subgroup of P (and 
therefore also of 9{P)). By Vust gSl §1]: 

- Let P D A be a 9-split parabolic subgroup of G. Then P is a minimal 9-split parabolic if and only 
if P n 9{P) = Zg{A). Any two minimal 9-split parabolic subgroups of G are conjugate by an element 
ofK. 

Fix a minimal ^-split parabolic subgroup P of G containing S and let P be a Borel subgroup of G 
such that S C B C P. Let As be the corresponding basis of simple roots in ^s- For a subset / of A5, 
denote by $7 the subsystem of <I>5 generated by {a : a G /}, by Wj the subgroup of Ws generated 
by {sa '■ a £ I}, and by wi the longest element of Wj relative to this Coxeter basis. By [HHl 1-3-4] 
(established in 38 J we have: 

Lemma 2.5. There is a subset I of As and a graph automorphism of $5 such that: 
(i) V'(As) = As and ^{I) = I, 

(a) 9*{q) = -wi{il){a)) = -il){wi{a)) for all a G $5, 
(Hi) 9* (a) = a for any a £ ^i. 

The maximal 9-split torus A' = A D G^^^ of G^^^ can be characterised as follows: A' = {s £ 
5nGW |a(s) = l,/3(s) ='il^{P){s) : a £ I,p£As\I}°. 

It follows that n = {a\A ■ a £ As \ /} is a basis for Note that for a,f3£ As \ I, a\A = P\a 
if and only if /? G {a, ■0(a)}. (We will use A or At to denote a basis of roots relative to a maximal 
torus T of G, and 11 to denote a basis of simple roots in <I>^, where ^4 is a maximal 0-split torus of G.) 

The 'baby Weyl group' Wa = Ng{A)/Zg{A) was described by Richardson [SH §4]: 

- Let Wi = {w £ Ws I w{A) = A}, W2 = {w £ Wi \ w\a = lU }• Then the restriction w 1— > w\a 
induces an isomorphism W1/W2 Wa- 
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Let r be the group of automorphisms of 5 generated by W and 9, let X{S) be the group of 
characters of S and let E = X{S) CSzI^- There exists a F-equivariant inner product (. , .) : E x E ^ M. 
Let E- be the (—1) eigenspace for 9: E^ identifies naturally with X{A) Hence (. , .) restricts to 

a 14^A-equivariant inner product on £'_. Let Y{S) be the group of cocharacters in S. The dual space 
E* to E identifies naturally with Y{S) ®i M, and the (—1) eigenspace E*_ identifies with Y{A) (8)^ 
Hence the inner product (. , .) induces a F-equivariant isomorphism E ^ E* , which restricts to a 
WOi-equiviarant isomorphism E- E^. Let (. , .) : X{A) x Y{A) — > Z be the natural pairing. For 
j3 E denote by sp the refiection in the hyperplane orthogonal to /?. If a, /? G then by abuse of 
notation we write {a, 13) for 2(a, /3): hence s^(a) = a — {a, 13)0. 

- The set is a (non-reduced) root system in X{A) with Cartan integers {a, (3) G Z. The Weyl 
group Wa is generated by the reflections {«„ : a £ ^a}, hence by the set {sa ■ ol G H}. Each element 
oJWa has a representative in K. Thus Wa = Nk{A)/Zk{A) (JM UD- 

Note that it follows from Lemma ITl that NdA) = Ncia) and Zg{A) = Zcia). Let be the 
set of a G ^a such that a/m G ^a =^ m = ±1. It follows from the above that is a reduced root 
system. Finally, we observe using the classification of involutions (see Springer, 

Lemma 2.6. If p is good for G, then it is also good for (^a- If ci G ^^a, then 3a ^ <I>a- 
2.3 Cartan subspaces 

Let f) be a nilpotent subalgebra of g. We recall (Fitting's Lemma, see jl3l II. 4]) that there is a 
decomposition q = Q^{\)) © 0^(f)) and a Zariski open subset [/ of f} such that (adn) is nilpotent on 
Q^{^) and is non-singular on 0^(f|) for all u G U. 

The following lemma appears in |17j . We include the proof (which is identical to Kostant-Rallis') 
for the readers' convenience. 

Lemma 2.7. Let i) be a nilpotent subalgebra of q contained in p. Then 

d'ih) = (gXf)) n e) © (g^f)) n p) for i = o,i. 

Proof. Let ?/ G C/ C [), where U is the subset of f) defined above. Since (ady) is nilpotent (resp. 
non-singular) on Q^{i)) (resp. 0^(1))), then the same is true of (ady)^. But (ady)^ also stabilises 6 and 
p. Hence 0*(A;(ad y)2) =g*(/c(ady)2)n6©g*(/c(ady)2)np for i = 0,1. □ 

Following we define a Cartan subspace of p to be a nilpotent algebra f) ^ p such that Q^{i})np = 
Lemma 2.8. Let a be a maximal torus of p. Then a is a Cartan subspace. 

Proof. As a is a toral algebra, g is a completely reducible (ad a)-module. Thus 0*^(0) = 3g(a). By 
LemmaESl 3p(ci) = 0. Hence by Lemma ITTl 0°(a) n p = a. □ 

Let X G p. Then kx is a nilpotent subalgebra of g. We write Q^{x) for g*(A;x). Let q = 
min{dim(g''(a;) n p)}, and let Q = {x G p | dim(g°(x) n p) = q}. It is easy to see that dim(g''(x) n p) 
is the degree of the first non-zero term in the characteristic polynomial of (adx)^|p. Hence Q is a 
non-empty open subset of p. The following result follows immediately from the proof of |17| Lemma 
3], although it is not explicitly stated there. The proof is similar to Richardson's proof of [311 3.3]. 

Lemma 2.9. Let x G p. Then the map ir : K x {q^{x) n p) — > p given by {k,y) 1-^ AdA;(y) is a 
separable morphism. 

Proof. We consider the differential of tt at (e, x), where e is the identity element of G. Identify 
the tangent spaces Tx{q^{x) n p) and Tx{p) with {q^{x) n p) and p respectively. Hence d'/r(e,x) ■ 
«©(g°(x)np) ^ p, {U,V) ^ [U,x] + V. Therefore d7r(,^^)(e© (gO(x) np)) = [x, + (gO(x) n p). 
By the properties of the Fitting decomposition, (adx) is non-singular on g^(x), hence (adx)^ is non- 
singular on (g^(x) np). Thus [x,fi] 3 [x, [x,p]] 5 [x, [x,(g^(x) Dp)]] = (g^(x) np). It follows that 
d'^{e,x) is surjective. By |4| AG. 17.3] vr is separable. □ 
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Corollary 2.10. Let [) be a Cartan subspace of p. The map n : K xt) — > p given by {g, h) ^ Ad g{h) 
is separable, and K ■ f) contains a dense open subset of p. 

We can now prove the main theorem of this section. Our proof is somewhat shorter than the proof 
given in |17j. 

Theorem 2.11. Any two Cartan subspaces of p are K -conjugate. The Cartan subspaces are just the 
maximal tori of p . An element x & p is semisimple if and only if it is contained in a Cartan subspace 
of p. 

Proof. Let f) be a Cartan subspace. Let U be the open subset of elements /i G f) such that = 0*(f)) 
for i = 0,1. By Cor. I2.1fll K ■ U contains a dense open subset of p. Hence {K • U) HQ is non-empty. 
But Q is i^-stable, hence U HQ is non-empty. Let u G U CiQ. Then g^{u)r\p = I). Therefore dimf) = q. 
On the other hand, if n G f) n Q, then gP{u) n p D f), hence g°(n) n p = f). It follows that U = Qnt). 

Let t)' be any other Cartan subspace. Then K ■ {Q Hi)) and K ■ {Q n contain non-empty open 
subsets of p, hence their intersection is non-empty. Therefore {K • (Q H f))) H f)' is non-empty. It follows 
that (7 • f) = f)' for some g £ K. The remaining statements of the theorem follow at once. □ 



3 A ^-stable reduction 

We assume from this point on that G has the following three properties: 

(A) p is good for G. 

(B) The derived subgroup G^^^ is simply-connected. 

(C) There exists a symmetric G-invariant non-degenerate bilinear form B : q x q — > k. 

In this section we will prove a ^-stable analogue of a result of Gordon and Premet ([S, 6.2]). An 
important corollary is that the trace form in (C) may be chosen so that it is invariant with respect to 

e. 

Let Gi{l < i < I) be the minimal normal subgroups of G^^^ and let Qi = Lie(Gi). As G^^-* is 
simply-connected, G'^^'> = Gi x G2 x . . . x Gi and g' = 0i © 02 © • • • © 0i- We introduce new groups 
Gi, defined as follows: 



GL{Vi) if Gi is isomorphic to SL(Vi) and p \ diml^, 
Gj otherwise. 



Let G = Gi X G2 X ■ ■ ■ X GuQi = Lie(Gj),g = Lie(G). Identify Gi with the derived subgroup of 
Gi, hence consider G^^^ as a subgroup of both G and G. 

Let (T',B') be a fundamental pair for ^1^(1) (see Sect. and let T (resp. T) be the unique 
maximal torus of G (resp. G) containing T'. Let f)' = Lie(T'),f) = Lie(T),f} = Lie(r), f)i = f) H g^, 
hi = ^ Hfli. 

Theorem 3.1. There exists a torus Tq, an involution of G = G x Tq, and an injective restricted 
Lie algebra homomorphism ip : q — > g = Lie(G) such that: 

(i) V'jfli) C gi for all z e {1, 2, . . . , /} and V'(f)') C \). 

(a) 9\q(i) = 0\q{i), and the following diagram is commutative: 




(Hi) There exists a toral algebra ti such that g = '(/'(s) © ti (Lie algebra direct sum) and dO{t) 
t\/t e ti. 

(iv) e{G^) = Gj implies d{Gi) = Gj. 



11 



Proof. The existence of a torus Tq, an injective restricted Lie algebra homomorphism rj : g — > q = 
Lie(G' X To) = s © to, and a toral algebra Si such that q = r/(0) ©Si was proved by Premet ^28j Lemma 
4.1] and Gordon-Premet [HI 6.2]. Identify each qi with its image 7?(0j) ^ g^. Define an automorphism 
(j) of the restricted Lie algebra g by (j){r]{x)) = rj{d6{x)) for j; G g, = s for s G si and linear 
extension to all of g. 

The main idea of our proof is to find 0-stable restricted subalgebras gj,5o, and g^ © g^ of g with 
0i ^ 5i = 0i,so = to and g = Xlli ©^o- 
Step 1. The toral algebra sq. 

Let I = 3(g), 3 = 3(g) and }i = 3(gi). Clearly 3 = 3 © to = 77(3) © Si and 3 = Xl^i = Hence 
3 C 3 are (/>-stable toral algebras. The restriction of cf) to 3*"^ has order 1 or 2. Therefore by Maschke's 
theorem there is a (/)-stable Fp- vector space Sq'"' such that 3*°^ = j^*"*^ © Sq"^. 

Let So be the toral algebra in g generated by Sq"''. Using the same argument as in the proof of 
Lemma 11.11 we can choose a toral basis for sq consisting of eigenvectors for (j). This basis can be 
used to construct an isomorphism of toral algebras /o : 5o — > io and an involutive automorphism 
Oq : Tq — > To such that the following diagram commutes: 




Step 2. The subalgebra g^, for ^-stable Gi 

If Gi = Gi, there is nothing to prove. So assume Gi = GL{Vi) and p \ dim 14. Let Aj be the subset 
of A corresponding to Gi. We define rrij = X^j^jflj ^^^^ = 3g(™i) ^ ^- Clearly Ylj^tih © So ^ = 
Ylij^ihj © f)i ©So ^ are (/>-stable toral algebras. Hence there is a 0-stable toral algebra {)j containing 
\)i such that nj = © Y^a^i ij ® So. 

By ^3 4.2], the maps (ia|-^ with a G Aj are linearly independent. It follows that f)j and g^ 
together generate a restricted Lie algebra isomorphic to g^ . Let fi : Qi — > Qi be an isomorphism such 
that fi{x) = X for all x G g^. Then by Lemma |l.4l there exists a unique involutive automorphism 
9i : Gi — > Gi such that the following diagram commutes: 



1 fi : 

Qi " Qi 

Step 3. The subalgebras gj,gj when 9{Gi) = Gj. 

Once again we may assume that Gi = GL(Fj) and p|dimVi. We set Qi = Qi,Qj = (piQi). We 
have only to show that g = g^ © g j © X^fc^j j 0fc © So- Let Aj, A^ be the subsets of A corresponding 
respectively to Gi,Gj and let n(jj) = {/i G t)\da{h) = OVa G A \ (Aj U A^)}. Clearly n(jj) = 
^i®^j®Ylk^i j BfcffiSQ. The automorphism of $ induced by 9 sends Aj onto Aj. Hence the differentials 
^'^\i)-®de{i)-) a G Aj U Aj are linearly independent. It follows by dimensional considerations that 
^j © d9(j)i) © Efc^ij 3fe © So = n(jj). Therefore gj © d6l(gj) © Efc^ij Sfc © So = g. 

It is now easy to see that there are isomorphisms fj : Qj — > Qj,Tj : Gi — > Gj and 0(j j) : Gi x Gj 
such that fj{x) = x Vx G gj and the following diagram is commutative: 
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9i © Qj " 9i © Qj 




Qi © 0,- 



- (Id,/,) . 



Qi © 0j 



where O^ij^ : Gi x — > Gi x Gj is given by {gi,gj) ^ (r ^(gj), r(fi(i)). 

We now let / : ^ 0j © So = — > 0* © = and 9 : G xTq — > (5 x Tq be the maps obtained in 
the obvious way from the fi and the 9i, 0(^ij) respectively. Then the following diagram is commutative: 



/ 











/ 











Let tp = f o rj : Q 
theorem. 



g and let ti = /(si). Then ■0, 0j> ^o, ti satisfy the requirements of the 



□ 



Corollary 3.2. Let G satisfy the standard hypotheses (A),(B),(C). Suppose that char A; ^ 2 and that 
9 is an involutive automorphism of G. Then the trace form in (C) may he chosen to he 9-equivariant. 

Proof. To prove the corollary we construct a 0-equivariant trace form on q which restricts to a non- 
degenerate form on g. Recall that = g © to = ■0(0) © ti. Identify g with its image iP{q). Let 
Gi be a minimal normal subgroup of G. As is well-known (see for example |4()1 1.5]) there exists a 
non-degenerate trace form Kj : gj x gj — > k associated to a rational representation of Gj. Moreover, 
as gj is an indecomposable Gj-module, /tj is unique up to multiplication by a non-zero scalar. We will 
prove that Kj is invariant under any automorphism of Gj. 

By Lemma fl.4l it suffices to prove this for a set of graph automorphisms 7 generating Aut Gj / Int Gj . 
Let 7 be such an automorphism and define a new trace form kJ : {x,y) Ki{d^{x),d'y{y)). Then kJ 
is a scalar multiple of Kj. Hence it will suffice to find (x, y) € gj x gj such that Ki{x, y) = ^/(x, y) 7^ 0. 
Assume first of all that Gj is not of type A (therefore Gj = Gj). Let {Bi,Ti) be a fundamental pair for 
7 and let Aj be the basis of the roots $j = $(Gj, Tj) corresponding to Bi. Let {/iq,- , ea\ai £ Aj, a £ <I>j} 
be a Chevalley basis for gj. 

We observe first of all that there exists a G Aj such that 7(a) = a. For type D„ we choose 
a = a„_2, and for type Eq we choose a = 02 (we use Bourbaki's numbering conventions [5|). We 
have d'y{ea) = cca and d'y{e-a) = c'e-a- But [ea,e-a] = ha, hence cc' = 1. Therefore nj{ea,e-a) = 
Ki{ea, e-a)- Ki is non-degenerate and Tj-invariant. Thus Kj(eQ,,e_a) 7^ 0. 

Assume now that Gj is of type A. In this case Gj is isomorphic to SL(T^) and it will be sufficient to 
prove k] = Ki for 7:51-^ ^9~^- Recall that the ordinary trace form Kj(x, y) = tr{xy) is non-degenerate 
on gj. Hence K]{x,y) = Ki{—^x,—^y) = tr(*x*y) = tr(*(yx)) = ti{yx) = tr(xy) = Ki{x,y). 

To construct the form k we proceed as follows. For d9-stahle Qi we choose a trace form Kj as above. 
For each pair gj,gj with d9{Qi) = Qj we let Kj be a non-degenerate trace form on gj, and define kj on 
Qj by Kj{x,y) = Ki{d9{x),d9{y)). 

Let I = 3(g), 3 = 3(g), 3 = 3(g). It is easy to see that 3=3©to=3©ti. Moreover 3 = ^(g') C 3. 
Hence 3 = 3 © (3 H to). By the same argument as used in the proof of Lemma lTTT] there exists a 6'-stable 
toral algebra t2 such that to = 3 n to © t2. Let be a non-degenerate ^-invariant form on 3 n to, 
and let Kt be such a form on t2. Any x e g can be expressed uniquely as i^Xi) + Xz + Xf, with 
Xi G gi,X2 G 3 n to, and xt G t2. We define K{x,y) = Y^Ki{xi,yi) + Kz{xz,yz) + Kt{xt,yt) 
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It remains to show that the restriction of k to g is non-degenerate. Let x G q he such that 
K{x,y) = OVy G g. Then Ki{xi,Qi) = OVi, hence Xi £ ii. Moreover Kz{xz-,1 n to) = 0, hence x^ = 0. 
Suppose Xi / 0. Let Aj = {ai, 02, • • •} be the subset of A corresponding to Gj, ordered in the standard 
way. We have Xi = A([eQ,^, e_Q,J + 2[eQ,2, C-qj] + . . .) and A 7^ 0. By TF, 3.3] there exists h G i)i such 
that dai{h) = 1, and da{h) = Va € A \ {ai}. Then Ki{xi,h) = XKi{eai, e-ai) ^ 0. This is a 
contradiction, hence Xi = OVi. 

It fohows that X £ t2. Therefore the restriction of k to 5 is non-degenerate. □ 



4 Centralizers and Invariants 
4.1 Centralizers 

The following lemma is an important step in 17 . Cor. 13. 2 1 allows us to prove it by the same argument. 
Lemma 4.1. Let x G p. Then dim^i{x) — dim3p(x) = dimfi — dimp. 

Proof. Let k : g x g — > k he a non-degenerate (0, G)-equivariant symmetric bilinear form. By the 
0-equivariance p) = 0. Let x G p and let K3; : g x g — > k he the alternating bilinear form defined 
by Kx{y,z) = n{[x,y\,z) = K{y,[z,x\). Clearly Kx{y,z) = for all z G g if and only if y G l^i^)- 
Hence Kx induces a non-degenerate alternating bilinear form 1^ : q/Iq{x) x g/3g(a;) — > k. But now 
Q/i<}{x) = ^/hi{x) ©P/3p(^)- Furthermore t/it{x) and p/ip{x) are K^-isotropic subspaces, hence are 
maximal such, and their dimensions are equal. □ 

The following result will also be useful. 
Lemma 4.2. Let x G 6 or p. Then Lie(ZG(a;)°) = Iq{x) and Lie(Z/^(a;)°) = 

Proof. Clearly 'L\e{ZG{x)°) C 3g(x). To show that Lie(ZG(x)°) = 3g(x), it will therefore suffice to 
show equality of dimensions. To do this we use the homomorphism ip : g — > g of Thm. 13.11 It is 
easy to see that dimZG'(x)° = dim3g(x) if and only if dim. Z^{d'il){x)) = dim3g((iV'(2;)). But equality 
is known for each of the components Gi (see |^ 1.5.3]) hence for G. Therefore Lie(ZG'(x)°) = 3g(x). 

Now let L = Zg{x)°, I = Lie(L). The restriction of to L is a semisimple automorphism, hence 
Lie((LnK)°) = [nt by 4, §9.1]. □ 



4.2 Regular Elements 

We say that x G p is regular if dim3{(x) < dim3f(y) for all y G p. We denote by TZ the open subset of 
regular elements in p. Let a be a Cartan subspace of p and let A be a maximal ^-split torus of G such 
that Lie(^) = (Lemma ITl)) . We recah (jHIl 3.1,3.2]) that ZdA) = M ■ A (almost direct product) 
and g^ = 9Jl e a, where M = Zk{AY,TI = = Lie(M), and that dimOT - dima = dim! - dimp. 

Lemma 4.3. Let x G p. The following are equivalent: 

(i) X is regular, 

(ii) dim3g(x) = dima + dim 971, 
(Hi) dim3i(x) = dimOJl, 

(iv) dim3p(x) = dima. 

Proof. Let S he the set of semisimple elements in p, which is a non-empty open subset by Cor. 12.91 
and Thm. 12.111 Hence 5 n 7^ is non-empty. The equivalence of the four conditions now follows 
immediately from Lemma l4. II □ 

Lemma 4.4. Let x G p. The following are equivalent: 

(i) X is regular, 

(ii) K ■ X is a K -orbit of maximal dimension in p, 
(Hi) codimp K ■ x = dim a, 

(iv) codimg G ■ x = dim a + dim Tl. 

Proof. This follows immediately from Lemma 14.21 and Lemma 14.31 □ 
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4.3 Geometric Invariant Theory 

Here we briefly recaU the definitions and some important facts concerning Mumford's Geometric In- 
variant Theory. In positive characteristic this requires the fact that reductive groups are geometricahy 
reductive, proved by Haboush in [9 . For details we refer the reader to 24, 19, 9^. 

Let R be an affine algebraic group such that the connected component R° is reductive. Let X be 
an affine variety on which R acts. Denote the action hy r ■ x for r £ R,x £ X . We always assume 
that the map R x X — > X, (r, x) i— > r • x is a morphism of varieties. There is an induced action of 
R on the coordinate ring k[X]. The algebra of invariants k[X]^ is finitely generated. Hence we can 
construct the affine variety X//R = Spec{k[X]^). The embedding k[X]^ ^ k[X] induces a morphism 
TT-.X — > X//R. 

The affine variety X//R is the quotient (of X by R) and the map vr is called the quotient morphism. 
If there is possible ambiguity, we will use the notation ttx^r or ttx for the quotient morphism from X 
to X//R. We have the following facts (see [2i| ITOl l9| ) : 

- IT is surjective. 

- If Xi and X2 are disjoint closed R-stable subsets of X, then there exists f G A;[X]^ such that 
f{x) = for X £ Xi, and f{x) = 1 for x £ X2. 

- Let ^ G X//R. The fibre 7r~^(^) is R-stable and contains a unique closed R-orbit, T(^), which is 
also the unique minimal R-orbit in tt~^{^). Hence tt determines a bisection between the set of closed 
R-orbits in X and the (k-rational) points of X//R. 

- Let X & X and let ^ G X//R. Then Tr{x) = i if and only if T{^) is contained in the closure of 
R - X in X. 

- Suppose X is irreducible, and that there exists x £ X such that R ■ x is closed and dim R ■ x > 
dimi? • y for all y £ X. Then it is separable fl^^ll 9.3]). 

- If X is normal, then X//R is normal. 

- Let X,Y be two affine varieties admitting (algebraic) R-actions and let f : X — > Y be an R- 
equivariant morphism of varieties. There exists a unique morphism TT{f) : X//R — > Y//R such that 
the following diagram commutes: 



X 



Y 



X//R Y//R 

Remark 4.5. Let H he a reductive group and let Li,L2 be commuting reductive subgroups of H such 
that H = Li ■ L2. Let X be an affine variety on which H acts. Since Li commutes with L2, it 
stabilizes the subring k[X]^'^. Hence Li acts on the quotient X//L2. Clearly {k[X]^'^)^^ = k[X]^ . 
The quotient {X // L2) // Li therefore identifies naturally with X//H. We will use the notation ttx^h/L2 
for the morphism X//L2 ^//H induced by the inclusion ^ k[XY"'^ . (Using the notation 

above, ttx,h/L2 ~ "^XIL^M-) '^'^^ following diagram is commutative: 



X 



X//L2 



'^X,H/Li 



X//H 
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4.4 Unstable and closed K-orbits 



Let p : G — > GL(y) be a rational representation. For U <ZV denote by U the closure oiU vciV 
(in the Zariski topology). Recall that an element v & V \s G-unstable if G p{G){v). It is well-known 
that if p is the adjoint representation then an element of g is G-unstable if and only if it is nilpotent. 
(This is true even if the characteristic is bad, see [3, 9.2.1].) 

Lemma 4.6. Let x G p. Then x is K -unstable if and only if it is nilpotent. 

Proof. Let a; £ p be i^T-unstable. Then £ K ■ x G ■ x, hence x is G-unstable, therefore nilpotent. 
Suppose on the other hand that x is nilpotent. Let {B, T) be a fundamental pair for 9, let $ = ^{G, T), 
let A be the basis of ^ corresponding to B and let H = H(^, A) be the group of Z-linear maps from 
the root lattice of $ to Z. By Kawanaka there exists a ^-stable element h € H such that x £ q{2; h) 
(see Sect. 15.21 for a more detailed account of Kawanaka's theorem). But for any ^-stable h € H there 
is some m G N and a cocharacter A : — > (TDK) such that (Ad A(i))(eQ,) = t'^^^'^ha for all a G 
Hence G (AdA(t))(x). □ 

This allows us to describe the closed X-orbits in p. 

Lemma 4.7. Let x G p and let x = Xs + Xn be the Jordan-Chevalley decomposition of x. Then K ■ Xg 
is the unique closed (resp. minimal) orbit in K ■ x. 

Proof. By standard results of geometric invariant theory there is a unique closed orbit m. K ■ x, which 
is also the unique minimal orbit. Let y G K ■ x. Clearly y is in the minimal orbit if and only if 
dimZ/^(y) > dim. Zxiy') for all y' G K ■ x. But by Lemmas 14.11 and 14.21 this is true if and only if 
dimZG'(y) > Zdy') for all y' € K ■ x. It is well-known that G ■ Xg is the unique closed orbit in G • x. 
Thus dimZG'(xs) > dimZG'(y) for all ?/ G G • x. It remains to show that Xs G K ■ x. 

Let L = Zg{xs)° ■ Then L is a ^-stable reductive group satisfying the standard hypotheses (A)-(C), 
and Xs,Xn G I = Lie(L) = 3g(xs). By Lemma x„ is {K n L)°-unstable. Hence x^ G {K n L)° ■ x. 
Therefore Xg G K ■ x. This completes the proof. □ 



4.5 Chevalley Restriction Theorem 

We now present a variant of the Chevalley Restriction Theorem. The proof follows Richardson's 
proof of the corresponding result for the group G. We begin with the following lemma, which is 
a direct analogue of |3H 11.1]. Fix a maximal 0-split torus A of G with 'baby Weyl group' W = 
Ng{A)/Zg{A) ^ Nk{A)/Zk{A) (ISIl §4]). Let a = Ue{A). 

Lemma 4.8. Suppose Ad g{Y) C a for some g ^ K . Then there exists w £ W such that w-y = Ad g{y) 
for all y gY. 

Proof. Let L = ZG{Adg{Y))° and ( = Lie(L) = }Q{Adg{Y)): L is 0-stable, reductive and satisfies the 
standard hypotheses (A)-(C) of §3. Since o C [ and Adg{a) Q [ there exists I G {K n L)° such that 
Ad /(Ad 5(a)) = o. Thus n = (Ig) G Nxia) = Nk{A) by Lemma |231 But Adn(y) = Ad g{y) for ah 
yeY. □ 

Since any finite set of points is closed, the set a/W of VF-orbits in a has the structure of an affine 
variety with coordinate ring A;[a]^. 

Theorem 4.9. Let A be a maximal 6-split torus of G, and let W = Ng{A)/Zg{A). Let a = Lie{A). 
Then the natural embedding j : a — > p induces an isomorphism of affine varieties j' : a/W — > p//K. 
Hence k[p]^ is isomorphic to k[a]^ . 

Proof. Let vTp = np^x '■ P — > P//K aiicl let tTq = iTa,w ■ <^ — > a/W. Any i^-invariant function on p 
restricts to a H^-invariant function on a. Hence there is a well-defined /c-algebra homomorphism from 
k[p]^ to k[a]^. Taking the induced map on prime ideal spectra we have a morphism j' making the 
following diagram commutative: 
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Vl/K 



By a standard result of geometric invariant theory the varieties a/W and ^//K are normal. Thus 
by 1^ §AG. 18.2] it will suffice to show that j' is bijective and separable. Recall that the points of 
ipl/K correspond bijectively with the set of closed X-orbits in p. Moreover by Lemma 14.71 the closed 
X-orbits in p are precisely the semisimple orbits. But by Thm. 12.111 any semisimple orbit meets a. 
Hence j' is surjective. Let a, a' G o be such that 7rp(a) = 7rp(a'). As a, a' are semisimple they must 
be in the same K-oxh\t. But by Lemma 14.81 this implies that w ■ a = a' for some w £ W. Hence 
'^aio.) = ^o(o')- Therefore j' is injective. 

It remains to show that j' is separable. As p is irreducible and the set of regular semisimple elements 
is non-empty, the quotient morphism vr = TTp^K is separable ( j3H 9.3]). Moreover (j) : K x a — > p, 
(j){g,a) = Ad g(a) is a separable morphism by Cor. 12.91 Thus tt o (p : K x a — > p//K is separable. 
We consider the action of X on ii' x a in which g' ■ {g,a) = {g'g,a). Since TT(Adg{A)) = 7r(a), the 
composition vr o factors through the action K on K x a. Note that p//K can be thought of 
as a iiT-variety with the trivial action. Hence there is a morphism a making the following diagram 
commutative: 



K X a 



TT O 



P//K 



T^Kxa,K 



Id 



{K X a)//K ► P//K 

Since vr o is separable, so is a. Let i : a — > K x a, i{a) = (e,a). Then it is easy to see that 
A* = '^Kxa,K o i : a ^ {K x a)//K is an isomorphism of varieties, hence that a o ^ : a ^ P//^ is 
separable. But a o fj, = j' o tTq. Hence j' is separable. This completes the proof of the theorem. □ 

Recah that K* = {g e G\ g'^9{g) G Z{G)} normalizes K, and that K* = K ■ F*, where 
F* = {ae A\a^ G Z{G)} ^ 8.1]. 

Corollary 4.10. k[p]^* = k[p]^ . 

Proof. Clearly /c[p]^* ^ A;[p]^. Hence we have to prove that any element of A;[p]^ is i^*-invariant. 
As K is normal in K*, K* acts on k[p]^ . Let f e k[p]^ . To show that / G k[p]'^'' it will suffice 
to show that a ■ f = f for any a G F*. But (a • f){x) = f{a''^ ■ x) = f{x) for all x G o, hence 
U')*{cL ■ f) = Taking inverses under {j')*, we see that a - f = f. Thus / G k[p]^* . □ 



4.6 k[p]^ is a polynomial ring 

Let be a complex semisimple Lie algebra, let t be a Cartan subspace of 5, and let W be the Weyl 
group of Q acting on t. It is well-known from the classical theory that the algebra of invariants C[t]^ is 
generated by r = dimt algebraically independent homogeneous generators of degrees (mi -|- 1), (m2 -|- 
1), . . . , (mr + 1), where the are the exponents of g. 

We will now show that an analogous statement is true for a. It is a straightforward application of 
Demazure's theorem (Hj on Weyl group invariants. 
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Lemma 4.11. Let A be a maximal 9-split torus of G and let a = Lie(yl). Let W = Ncia) / Zcia) = 
Ng{A)/ Zg{A). There are r algebraically independent homogeneous polynomials /i,/2,...,/r (where 
r is the rank of a) such that k[a]^ = k[fi, f2, ■ ■ ■ , fr]- Moreover 

wGW i=l 

where I is the length function on W corresponding to a basis of simple roots in ^a- 

Proof. Let T be a torus of rank n and let t = Lie(T). The character group X(T) is a free abehan group 
of rank n. There is a natural isomorphism X{T) A; — > i* induced by the map a 1 i-^ da, which is 
equivariant with respect to any group H of automorphisms of T. Hence k[t]^ = S{X{T) ®i k)^ . In 
particular, k[a]^ ^ S{X{A) ®i k)^ . 

We recall that, according to Demazure's definition, a reduced root system is a triple IZ = (M, i?, p), 
where M is a free Z-module of finite type, i? is a subset of M, and p : a i-^ is a map from R into 
the dual M* of M such that: 

(a) R is finite and R n {2R) = 0, 

(b) For every a G R,a^{a) = 2, 

(c) If a, /? G R, then (i - a"^ {p)a E R, and /J^ - /3^(a)aV G R"^ , where i?^ = p{R). 

Let be the subset of consisting of all roots a such that a/m G $a =^ m = ±1. By |^ §4] 
there exists a map p such that {X*{A), ^*a, p) is a root system in this sense. Moreover by |3H 4.3], W 
is generated by the reflections Sa with a G Finally, by Lemma [TH p is good for Hence by [HJ 
Cor. to Thm. 2, Thm. 3] S{X^,{A) k)^ is generated by r algebraically independent homogeneous 
polynomials, of degrees di,d2, ■ ■ ■ ,dr such that 

w£W i=l 

□ 

We remark that the product YIi=i ^-^t ^^^^ may include a number of factors of the form (1 — 
t)/il-t) = l. 



5 The nilpotent cone 
5.1 Equidimensionality 

Let M = M{p) be the set of nilpotent elements of p. In general A/" is not irreducible (see for example 
Cor. I5.18j) . However, we have the following straightforward result (Thm. 3 in JZl)- We include the 
proof, which is similar to Kostant-Rallis', for the convenience of the reader. 

Theorem 5.1. LetJV be the affine variety of all nilpotent elements inp, and let J\fi,M2, ■ ■ ■ ,Mm be the 
irreducible components ofN. The number of K -orbits inN is finite. For each i, codimp A/i = r = rkA, 
where A is a maximal 9-split torus of G. Moreover, K normalizes Mi, and there is an open K-orbit 
in Mi. An element of Mi is in the open K-orbit if and only if it is regular. 

Proof. Let e G M. Then g ■ e £ M for any g £ K (in fact for any g G K*). Hence K normalizes 
M. But K is connected, therefore K ■ Mi = Mi for each i. By Thm. D] there are finitely many 
iT-orbits in M. Hence each irreducible component of contains a unique open orbit. If x G p, then 
codimp(Er • x) > r by Lemma 14.31 Therefore codimpA/i > r. But by Lemmas 14.61 and 14.111 M is the 
set of zeros of r homogeneous polynomials ui,U2, . . . ,Ur, where A;[p]^ = k[ui,U2, ■ ■ ■ ,Ur]. Therefore 
codiuip Mi < r. The remaining statements follow at once. □ 
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5.2 Kawanaka's Theorem 



In Jl], Kawanaka generalised the Bala-Carter theory to classify nilpotent orbits in eigenspaces for 
automorphisms of semisimple Lie algebras. We now recall Kawanaka's theorem as it applies to the case 
of an involution. Let {B,T) be a fundamental pair for 6, let A be the basis of the roots $ = T) 
corresponding to B, and let Wt = W{G,T) be the Weyl group. Let be the root lattice of $ and 
let H = -ff ($, A) be the abelian group of all homomorphisms from to Z. An element h £ H is 
uniquely determined by the values h{ai) for Oj G A. Hence we may describe an element of H by 
means of a copy of the Dynkin diagram on A with weights attached to each node. 

Let X{T) = Hom(r,A;^) and let Y{T) = Hom(/t^,r). Denote by (.,.) : X{T) x Y{T) — > Z the 
natural M^-equivariant, Z-bilinear map. Hence a{X{t)) = t<"'^> for all t E /c^. The pairing induces a 
homomorphism Y{T) — > H. We denote by A the element of H corresponding to A G YiT). Hence 
A(a) = (a, A) for all a € The image of Y{T) is of finite index in H. Thus, for any h £ H there 
exists a positive integer m and a cocharacter A such that A = mh. 

Let be the positive Weyl chamber associated to A: h G 44> h{ai) > Vaj E A. The Weyl 
group Wt acts naturally on H, and w{X) = w{X) for any A G Y{T). For any h £ H there exists w E Wt 
and E such that wlh) = h+. Moreover, /i+ is unique. For h G H, let Q{i]h) = '^h{a)=iQa, 
z / 0, and 0(0; /i) = t© J2h(a)=oQ<^- "^^^ decomposition g = ©0(i;/i) is a Z-grading of g, and the 
A-grading coincides with the (Ad A)-grading for A E Y(T). 

If k = C, there is a straightforward classification of nilpotent orbits via conjugacy classes of 51(2)- 
triples: any nilpotent element e E g can be embedded as the nilpositive element of an s[(2)-triple 
{h, e, /}; moreover, there is a unique G-conjugate h' of h such that h' £ i and a{h') > for all a E A. 
(It was proved by Dynkin that a{h') E {0, 1, 2} for all a E A.) In this way one can associate to e a 
unique element of H{^,A)~^, called the weighted Dynkin diagram associated to e. We denote the set 
of all weighted Dynkin diagrams by /?(<!>, A)„. Hence there is a one-to-one correspondence between 
the elements of H{^, A)„ and the nilpotent conjugacy classes in g. 

This argument using s[(2)-triples is only valid if the characteristic is zero or large. However, 
Pommerening proved in [261 127j that the nilpotent orbit structure is essentially the same in all good 
characteristics. Let h E i?($,A)„ and let G{0)h be the unique closed connected subgroup of G such 
that Lie(G(0)/i) = g(0;/i). There is an open G(0)/i-orbit in g(2;/i): let Nh be a representative for the 
open orbit and set = G ■ N^- The correspondence /i i— > o/i is one-to-one between the elements of 
H{^,A)n and nilpotent conjugacy classes in g. 

In good characteristic Pommerening replaced weighted Dynkin diagrams with associated charac- 
ters. A cocharacter A is associated to e if e E g(2; A) and there is a Levi subgroup L of G such that 
X{k^) C L(^) and e is distinguished in Lie(L). (A nilpotent element x E g is distinguished if Zq(i){x)° 
is a unipotent group.) If A is an associated cocharacter for e and g E Zde), then g-X is also associated 
to e; moreover, any two associated cocharacters for e are conjugate by an element of ZQ{e)° f [22l Prop. 
11]). 

Premet has recently given a short conceptual proof of Pommerening's theorem, valid in all good 
characteristics. The proof uses the theory of optimal cocharacters for G-unstable elements, also 
called the Kempf- Rousseau theory. If p : G — > GL{V) is a rational representation, then the Kempf- 
Rousseau theory attaches to a G-unstable vector v £ V a collection of optimal cocharacters. In general 
the optimal cocharacters depend on the choice of a length function on the set of cocharacters in G. 
(See Sect. 16. 21 for the details concerning the Kempf-Rousseau theory.) Let h E -ff ($, A)„. As observed 
in ISni §2.4], there exists a (unique) cocharacter A : k^ — > Tn G^^^ such that X = h. (Since this 
holds for simply-connected G^^^ , it holds for any isogenous image of G^^^ , hence for arbitrary reductive 
groups.) Let U be the unique closed connected T-stable subgroup of G such that Lie{U) = Yli>o 0(^5 ^) 
and let P = P{X) = Zg{X) • U (a parabolic subgroup of G). Then, after choosing a suitable length 
function on the set of cocharacters in G, we have (see |29( Thm. 2.3] and 3.5]): 

Theorem 5.2 (Premet). (a) X is optimal for Nf^. 

(h) Let G = Zcie) n Zg{X). Then Zcie) C P and Zcie) = C ■ Zjjie) (semidirect product): C is 
the reductive part and Zu{e) the unipotent radical of Zcie). 
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(c) Let S he a maximal torus of C and let L = Zg{S). Then e is a distinguished nilpotent element 
ofUe{L) and A(A;^) C L^^l 

Note that by (c) A is associated to N^. It follows that the decomposition in (b) holds for arbitrary 
e, A, where e is nilpotent and A is associated to e. We wish to restate Kawanaka's theorem (for the 
case of an involution) in the language of associated cocharacters. Let h £ H he ^-stable. Define a 

r i{i;h) if i = (mod 4), 

subalgebra g^j of g with graded components 0^(^) as follows: 0/i(i) = < p{i; h) \i i = 2 (mod 4), 

[ {0} otherwise. 

Suppose further that G H((^, A)„. Since h is VF-conjugate to there exists a unique cochar- 
acter A : A:^ — > T r\ G^^^ such that X = h. But e{h) = h, hence A(A;^) C T n K n G^^). The Lie 
algebra is equal to g'^^ = {x G g | dip{x) = x}, where to = A(\/— 1) and tp = Intto ° G- Moreover, ip 
is of order 1,2 or 4, hence is semisimple. It follows that g^j = Lie((G'^)°) and Gh = {G'^)° is reductive. 
(This is true for any ^-stable h_e H, see [H].) Let Gh{0) = Zk{\). Then r(0) = (T n K)° is a 
maximal torus of Gh-, and Lie(G/i(0)) = 6^ = 0^,(0). Following Kawanaka, h is slim (with respect to 
e) if A(fcx)cGi'^. 

Let a G = $((5, T). Recall that 6 induces an automorphism 7 of $ stabilizing A. Denote by 
0(q,) the span of the root spaces Qa and 0^(q). If 7(0;) ^ a, then 0(cf) = (S(a) H © {Q{a) H p) and the 
dimension of each summand is 1. Let a denote the restriction of a to T(0). Note that a = (3 \i and 
only if /3 G {a, 7(a)}. We have = <^(Gh,T{Q)) = {a|0(«) ni;, / {0}}. 

Let a G There are three possibilities: (i) 7(a) = a, (ii) 7(a) and a are orthogonal, (iii) 7(a) 
and a generate a root system of type A2. Introduce corresponding elements of W: (i) = Sq, 
(ii) = Sq-s^(q,), (iii) = SaS^(^a)Sa = •S7(a)-Sa-S7(a) = ■Sa+7(«)- We Can embed the Weyl group 
Wh = W{(^h) in W: Wh is generated by all with a G ^h- Let be the positive system in $ 
determined by A and let <I>^ = {a G | a G ^~^}. Then is a positive system in We let 
be the corresponding basis. Any ^-stable element h' of -ff ($, A) gives rise to a well-defined element h' 
of i/($ft,A;,). 

Kawanaka introduced a subset -ff ($, A, 0)^ of H in order to parametrise the nilpotent X-orbits in 
p: he H{^, A, 9)'^ if and only if: 

(i) h+eH{<!>,A)n, 

(ii) h is ^-invariant, 

(iii) h is slim with respect to 9, 

(iv) 7^+ Gii'($;„AOn. 

Let W{0) = Nk{T)/Zk{T) and let = {w e W\9{w) = w}. Let H{^,A,9)n be a set of 
representatives for the iy(0)-orbits in i?($, A,0)^. 
Kawanaka's theorem states that |14| (3.1.5)]: 

Theorem 5.3 (Kawanaka). For each h G H{^, A,9)n choose a representative of the open 
Gfi{0)-orbit in 0/^(2) = p(2; h). Then the correspondence h ^ K ■ is one-to-one between elements 
of H{^, A,9)n and nilpotent K-orbits in p. We have K ■ Nh C Oh^, the G-orbit determined by 
Two orbits K ■ and K ■ N^i are contained in the same G-orbit if and only if /i+ = /i^- 

(Kawanaka's theorem is stated in a much more general setting, which includes the case of an 
automorphism of G of finite order prime to p.) In view of the remarks above, we have the following: 

Corollary 5.4. Let e G N . Then there exists a cocharacter A : — > K which is associated to e. 
Any two such cocharacters are conjugate by an element of Zx{e)°. 

Proof. By Kawanaka's theorem there exists g G K and h G H{^, A,9)n such that g ■ e = Nh. But 
as we have already seen, there exists a unique cocharacter A : fc^ — > T D K D G^^^ such that X = h. 
Moreover, A is associated to Nh. It follows that g~^ ■ X is associated to e. 

Suppose A, fi are associated cocharacters for e such that X{k^), fj.{k^ ) C K. There exists g G Zcie)" 
such that g-X = iJL ([H Prop. 11]). Let C = Zde) n Zg{X): then Zciey = C° ■ Zu{e) (semidirect 
product), where Zu{e) is the unipotent radical of Zc^e). Hence there exists u G Zu{e) such that 
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u - \ = Since e G p, Zu{e) is 61-stable. But now u-^e{u) G Zg(A) n Zu{e) u'^9{u) = 1. By gOl 
III.3.12] u G Zxiey. □ 



This observation allows us to replace the notion of weighted Dynkin diagrams with that of associ- 
ated cocharacters. If e G and X : — > K is an associated cocharacter for e, we use the notation 
Ga = (G^)°,gA = Lie(GA), where = Int X{V^) o 9. 

Remark 5.5. The theorems of Kawanaka, Pommerening and Premet are true for arbitrary reductive 
G such that p is good. Hence Cor. 15.41 is true without the assumptions (B),(C) of §3. If we assume 
only that p is good for G, then we can define x G p to be regular if dim Zg{x) is minimal: then 
dimG — dim Zg{x) = dimg"^ by Lemma 12.41 and \',M\ 3.2]. (We don't in general have dimt — dimp = 
dim3{(x) — dim3p(x)) for all x G p.) Let G be simply-connected and semisimple and let G be the 
group defined in §3. Then we can lift an involution of G to G by Lemma ll.4l Hence Thm. 15.11 is 
true for any semisimple simply-connected group. Let G be an arbitrary semisimple group and let 
TT : Gsc G he the universal cover of G. Then by the argument in j29| 2.3] vr induces a G/Z[G)- 
equivariant bijection N{Qsc) — * -^(fl)- Moreover, any involutive automorphism of G can be lifted to 
an involutive automorphism of Gsc- It follows that Thm. 15.11 holds for any semisimple group with 
involution (assuming p is good). Note that if p is good for G then it is good for Ga. (This is immediate 
since p ^ 2, therefore p can only be bad for Ga if it is of exceptional type: but if Ga is of exceptional 
type then so is G, and the semisimple rank of G is greater than that of Ga.) 

5.3 Semiregular Elements in Type 

Let G be almost simple, simply-connected of type Z)„, let T be a maximal torus of G and let A = 
{ai,a2> • • • be a basis for $ = <I>(G, T), numbered in the standard way. Let g = Lie(G) and let 
{hai^^a I G A, a G be a Chevalley basis for g. Let 7 be the graph automorphism which sends 
a„-i ^ OLn, OLn^ ttn-i, and fixes all other elements of A. The following lemma is due to Premet. 

Lemma 5.6. There exists an automorphism a of G satisfying da{ea) = ^^(a) for clU a G <I>. 

Proof. Since any automorphism of 3 gives rise to an automorphism of the adjoint group, and hence 
by Lemma ll. 31 to an automorphism of G, it will suffice to show that there is an automorphism of Q 
satisfying Cq i-^ e^{a) for all a G Let (f) be the (unique) automorphism of q which sends Cq, to e^(Q,) 
for a G ±A. Let I = {01,02, • • • , On-2} and let be the subsystem of <l> generated by the elements 
of I. It is easy to see that ^(cq) = Cq for any a G 
Let a G \ ^j. There are four possibilities: 

(i) a = /3 + a„_i for some (3 G 

(ii) a = /3 + a„ for some /3 G 

(iii) o = (3 + On-i + On for some /3 G ^f, 

(iv) a = (/? + On-i) + (7 + "n) for some /3, 7 G with /? + Qn-i, 7 + a„ G <I>. 

For case (i), e« = [e^,eo„_J ^ [ei3,eaj = e^(a). Similarly for case (ii). For (iii), ea = 
[[e/3,ea„_i],ea„] = [[e/3, ea„], ea„_ J. Hence 0(e„) = = e^(a). Finally, if (iv) holds then = 
±[e/3+a„_i+a„,e^]. But (j){ef3+an-i+a J = ep+a„-i+c,^ and</>(e^) = e^, by the above. Hence (/)(e„) = e„. 

We have proved that </>(ea) = e^(Q) for any o G <I»^. But then by properties of the Chevalley basis 
(f'i^a) = for any a G □ 

Remark 5.7. The existence of a clearly also holds if G is of adjoint type. However, if n is even and G 
is intermediate (that is, neither simply-connected nor adjoint) then a does not in general exist. 

Recall that a nilpotent element e G is distinguished if Zq^i) (e)° is a unipotent group, and e is 
semiregular ii Zc^e) is the product of Z{G) and a (connected) unipotent group. (Hence a semiregular 
element is distinguished.) Let h G H(^,A)n be the weighted Dynkin diagram corresponding to a 
semiregular orbit, and let A : k^ — > T be the unique cocharacter satisfying (a. A) = h(o) for all 
a G $ (this exists by [2H1 2.4]). Let 1a be the open ZG(A)-orbit in 0(2; A) and let E G 1a- It follows 
from j4Ul III.4.28(ii)] that cr(A(t)) = A(t), and that E is ZG'(A)-conjugate to an element of the form 
X^flgr ^71 where F is a 7-stable subset of {a G <I> | h{a) = 2}. 
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Hence: 



Lemma 5.8. Let e be a semiregular nilpotent element of q and let fi be an associated cocharacter for 
G. After conjugating e and fi by an element ofG, if necessary, we may assume that n{k^) C and 
e G fl'^. 

We also record the following result to be used in the next subsection. 

Lemma 5.9. Let G be any reductive group such that p is good for G, and let e be a distinguished 
nilpotent element of Q. Then there exists a reductive subgroup L of G such that (i) e is a semiregular 
element o/Lie(L), (ii) p is good for L. 

Proof. For any x G g, Zg{x) = Z{G) ■ Zq(i){x). Moreover, e G Lie(G(^)). Hence, after replacing G 
by G^'\ we may assume that G is semisimple. We now prove the lemma by induction on the order 
of the group A{e) = Zde) /Z{G)ZG{e)° . If A{e) is trivial, then we are done. Otherwise, let x be any 
element of Zde) \ Z{G)ZG{e)° , and let x = XgXu be the Jordan-Chevalley decomposition of x. Then 
Xu G ZcicY , hence after replacing x by Xg we may assume that x is semisimple. Let L' = Zg{x)° . 
Then L' is a pseudo-Levi subgroup of G, hence is reductive and p is good for L' . Since e is distinguished 
in G (hence in L'), Z(L')° is trivial and ^^/(e)" = [ZcieYY . Let H = Z y {e) / Z {G) Z y {e)° and let 
'AL,{e) = Z{]y){e)/Z{L')ZL'{eY. Then H ^ Zcief /Z{G){ZGie)°f , hence H can be considered as a 
subgroup of A{e). Moreover, H maps surjectively onto ^^'(e), and the kernel is non-trivial; thus the 
order of Ai:(e) is strictly less than that of A{e). By the induction hypothesis, there exists a subgroup 
L of L' satisfying the conditions of the Lemma. □ 

5.4 Regular Nilpotent Elements 

Our goal is to prove that the regular nilpotent elements form a single K*-oThit, where K* = {g € 
G\ g~^6{g) G Z{G)}. The following lemma is the key step. In view of Remark 15. 5[ we assume until 
further notice only that p is good for G. We use Bourbaki's numbering conventions on roots . 

Lemma 5.10. Let e be a nilpotent element of p and let A : — > K be associated to e. Then there 
exists g ^ G such that (Int g) o X is 9 -split. Equivalently Intn(A) = —A where n = g~^6{g). 

Proof. Recall that if p is good for G then it is good for Gx (resp. a pseudo-Levi subgroup of G). Hence, 
after replacing G by Ga, we have only to prove the lemma under the assumption that 6 = Int X{^J—l) 
and that all weights of A on g are even. Let S be a maximal torus of Zg{^) H Zg{c). Then Zg{S) 
is a ^-stable Levi subgroup of G and e is a distinguished element of Zg{S) (j^ Prop. 2.5]). Hence, 
after replacing G by Zg{S), we may assume that e is distinguished. Let L be a reductive subgroup 
of G such that p is good for L and e is a semiregular element of Lie(L) (Lemma 15. 9|) . Let be an 
associated cocharacter for e in L: then fj, is also an associated cocharacter for e in G. Hence ^ is 
ZG(e)-conjugate to A. Conjugating L by some element of Zg^c), if necessary, we may assume that 
A(A;^) C L. It is well-known that e G Lie(L("^^) (see BSj §2.3], for example). Replacing G by L^^\ we 
may assume that G is semisimple and that e is semiregular in g. 

Now if T] : Gsc — > G is the universal covering, then by Lemma ll. 31 there exists a unique involutive 
automorphism 9sc of Gsc which lifts 9. By [291 Rk. 1] there is a (unique) cocharacter A^c such that 
T] o Asc = A. Hence 9sc = Int XgcW—^)- To prove that A is G-conjugate to a 0-split cocharacter, it will 
clearly suffice to prove that Xgc is Gsc-conjugate to a ^-split cocharacter. Note that the statement of 
the Lemma does not depend on the choice of e: let e^c be any representative for the open Zg^^{Xsc)- 
orbit in QscC^', ^sc) ■ Replacing G, A, and e respectively by Gsc^sc and Csc, we may assume that G 
is semisimple and simply-connected, and that e is semiregular in g. Finally, let Gi,G2, ■ ■ ■ ,Gi be 
the minimal normal subgroups of G and let Qi = Lie(Gj), 1 < i < I. There is a unique expression 
e = ^ Cj, where each Ci £ Qf, thus Cj is semiregular in Qi. Moreover 9 is inner, hence each component 
Gj is ^-stable. We may assume therefore that G is almost simple. 

Any regular nilpotent element is semiregular. In fact, there are no non-regular semiregular nilpo- 
tent elements except when G is of type D or E. If G is of type Z)„, then by Lemma 15.81 above there 
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Note that (9(e„(t)) 



exists a non-trivial involutive automorphism a : G — > G such that A(A;^) C and e G g'^. Since 
= AdA(io), G'^ is also ^-stable. The group G'^ is semisimple, of type -Bn-i- By Lemma [T31 we can 
replace G by the universal covering of C^. (In fact this is unnecessary, as our argument below doesn't 
require the assumption of simply-connectedness.) Hence it will suffice to prove the lemma in the case 
where e is semiregular and G is not of type D. For type E the semiregular orbits are as follows: 
Ee{reg),Ee{ai); E7{reg),E7{ai),Er{a2); Es{reg), Egiai), Es{a2) ([311123123]). 

For each a G <I> denote by Ua be the unique connected, unipotent T-stable subgroup of G satisfying 
Lie(C/a) = 00,. Let ea '■ k — > Ua, a G <I> be isomorphisms such that tea{y)t~^ = ea{a{t)y) for all 
t & T, y £ k, and such that Ha = eQ(l)e_Q,(— l)eQ,(l) G Ng{T), Ua represents the reflection Sa G W. 

ea{t) e„ G t, 
ea{-t) Cq, G p. 

Let wq be the longest element of W with respect to the Coxeter basis Sa, a £ A. Let a be the 
longest root in and let $0 be the set of roots in $ which are orthogonal to a. Then <I>o is a root 
subsystem of $ with basis Aq = {a G A | a_Ld}. Moreover wq = SaWo{^o), where u;o(^o) is the 
longest element of TF($o) with respect to the Coxeter basis {sa '■ a G Aq}. Inductive application of 
this statement gives a description of wq as a product of orthogonal reflections Sa with a £ ^. 

We can now prove the lemma by means of the following observation. Suppose /3i,/32, • • • , A are 
orthogonal roots with e^^ G p for all i. Let 

g = e.p, (l/2)e_^, (1/2) . . . e_ft (l/2)e^, (_i) . . . 

Then g~^0{g) = Hl^i e/3-(l)e_/3.(-l)e^,.(l) = IlLi'^i' where rn = np^ for each i. Moreover 6 = Intto 
and to £ hence the induced action of on is trivial. To show that A is conjugate to a 0-split 
torus, therefore, it will suffice to show that there is an element w £W which is conjugate to a product 
Sfi^sp^ ■ ■ ■ S|3^, where the Pi are orthogonal, e/3. G p, and such that w ■ X = —A. Recall that e is regular 
unless G is of type E. 

SaiSas ■ ■ ■ Sa„ if n is odd, 
Sa^Sa^ . . . Sa„_i if n is even. 
But (A, Oj) = 2, hence Cq,- G p for all i. This proves the lemma in this case. 

Oi + 2aj+i + 2aj+2 + . . . + 2a„, if i is odd, 1 < i < n, 
ai-i if i is even, 2 < i < n. 

Then the /3j are orthogonal, ep. G p for each i and wq = sp^sp^ . . . sp^. 

Type Cn- Let f3i = 2ai + 2aj+i + . . . + 2a„_i + a„ for 1 < i < n — 1 and let /3„ = a„. Then the Pi 
are orthogonal, ep- G p, and wq = sp^sp^ ■■■sp„. 

Type F4. Let Pi = a = 2a\ + 3a2 + 4a3 + 204, /52 = 02 + 203 + 204, /33 = 02 + 203 and P^ = ai- 
Clearly ep^ G p, the Pi are orthogonal and = 5/3^5/325/335/3^. 

Type G2. Let /3i = 3ai + 2a2 and Pi = a\. Then = -5/315/32 is the required expression for w^. 

Type Eq. Let Pi = a = ai + 2a2 + 203 + 3a4 + 2a5 + a^, P2 = ai + 03 + 04 + 05 + uq, P3 = 
as + a4 + a^-iPi = 04. Then = •S/3i 5/32 5/33 5^^. If e is regular, then {X,ai) = 2 Vi, hence ep. G p for 
all i. This proves the lemma for EQ[reg). 

Suppose therefore that e is in the semiregular orbit E^^ai). Then (A, a) = 2 for 04 7^ a G A, and 
(A, 04) = 0. Thus woSa4^ ■ A = —A. Hence it will suffice in this case to show that sp^sp^sp-^^ is conjugate 
to some element 5,^15^25^3 G W with e^^, e^^^ e^g G p. Let a = a — 02. 

{02 if z = 1, 

— (02 + as + 2a4 + 05) if i = 2, 

-(«! +02 + 03 + 2a4 + as + ae) if i = 3. 
Therefore Sa{woSa4)s~^ has the required form. This completes the E^ case. 

Type Ef. Let /3i = a, /32 = 02 + 03 + 2a4 + 205 + 2ae + 07, /33 = aj, P4 = 0(2 + ^3 + 204 + 05, /Js = 
ct2,Pe = aS)/?? = as- We have ^i;o = S/Ji-Sft ■■■sp-,- If e is regular, then (A, a) = 2 Va G A. If e 
is of type £'7(01), then (A, a) = 2 for 04 / a G A and (A, 04) = 0. If e is of type -©7(02) then 
2 if a G A \ {04, ag}, 
if a = 04, ag- 



r?/pe In this case wq is conjugate to 
But (A,ai) = 2, 
Type Bn- Let /3j 



(A, a) 
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In each case we can see that e/3. G p for all i. Hence by our earlier observation there exists g such 
that no =g-^e{g)£ Ng{T) and ngT = wq. 

Type Eg. For regular e we have (A, a) = 2 Va G A, for subregular e (type £"8(01)) (A, a) = 2 for 
all a4 7^ a G A, and (A, 04) = 0, while for the final case £^8(02); we have 



(A, a) 



2 if Q G A \ {q4, oq}, 
if a = 04, aQ. 



Let a be the longest element of and let $0 be the subsystem of all roots orthogonal to a. Then 
$0 is a subsystem of $ isomorphic to Ej, and {ai, 02, • • • , ctj} is a basis for <I>o- Identify $0 with £7 
and let Pi, (32, . . . , /Jy be the orthogonal roots given for the Ej case above. Then wq = SaSp^sp^ . . . sp^. 
Moreover, it is easy to see that e^, ep^,ep^, . . . , ep^ G p. Hence there exists g & G such that g~^9{g) G 
Ng{T) represents wq. This completes the proof. □ 

Let A be a maximal 0-split torus of G. The roots = ^{G,A) form a non-reduced root system 
4.7]. Let n be a basis for <I>^. We can now use Lemma [5.101 to give a criterion for e G to be 
regular. 

Lemma 5.11. There exists a cocharacter uj : — > AT\G^^^ such that {uj, a) = 2 Va G H. Let e G AA 
and let A : — > K he associated to e. Then e is regular if and only if X is G-conjugate to uj. Hence 
the set Nreg of regular nilpotent elements is contained in a single G-orbit. 

Proof. By Lemma l5.1()[ A is G-conjugate to a 0-split cocharacter fj,. But any two maximal 0-split tori 
are conjugate by an element of K, hence we may assume that nik^) C A. Moreover, we may assume 
after conjugating further by an element of Nk{A), if necessary, that (^u, a) > for all q G H. 

It follows from the properties of associated cocharacters (see for example |291 Thm. 2.3(iv)]) that 
dim3g(e) = dimg(0; A) -|- dim0(l; A) = dim0(O; /i) -|- dimg(l; fi). But n^k^) C A, hence dimg(0; /i) > 
dim3g(a). Thus by Lemma 14.31 e is regular if and only if /i is regular in A and all weights of Ad ^ on 
g are even. Let S" be a maximal torus of G containing A. By Lemma 12.51 there exists a basis A5 for 
S such that every element of 11 can be written in the form f3\A for some (3 G A5. Hence by properties 
of weighted Dynkin diagrams, a) G {0, 1, 2} for each a G H. It follows that e is regular if and only 
if (/i, a) = 2 for all a G H. But there exists some regular nilpotent element; hence u) exists. □ 



Remark 5.12. Let S be a maximal torus of G containing A and let A^ be a basis for = ^{G, S), 
such that {a\A '■ a G A5,a|A / 1} is a basis for ^a- Let / = {a G A5 : a\A = !}• Then uj satisfies 
if a G /, 
2 if a G A5 \ /. 



{a, 



OJ 



Corollary 5.13. Let e be a regular nilpotent element of p. Then e is even. 

Proof. Let A be an associated cocharacter for e. Then A is conjugate to uj. But now by the remark 
above uj is even. □ 

Fix a cocharacter uj as in Lemma l5 . 1 1 1 and denote by the open ZG(Lj)-orbit in g(2;u;). 

Lemma 5.14. Let E ^Y^^. Suppose a £ A and a ■ E = E. Then a G Z{G). 

Proof. Since Zg{uj)-E = and Zciuj) = Zg{A), it follows that a-E' = E' for all E' G Y^. Therefore 
a- E' = E' for all E' G 0(2; uj), which implies that a{a) = 1 Va G H. It follows that a G Z{G). □ 

Lemma 5.15. Let e £ N he regular and let A : k^ — > K he associated to e. Let g £ G be such that 
g-eep and {g- A)(A;^) C K. Then g G K* . In particular G = ZciX) n Zg{E) C K* . 

Proof. Let g be such that g ■ e £ p and (g ■ X){k^) C K, and let x = g~^6{g). Assume first of all 
that X is semisimple. By \M\ 6.3] there exists a maximal ^-split torus of G containing x. Hence, after 
conjugating e. A, and 5 by a suitable element of K, we may assume that x £ A. Let H = Zg{x)° and 
let f) = Lie(-fr). We claim that A is an associated cocharacter for e in H. Let d = min^gfjnp dim Z//(y); 
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since Zg{A) c H, d = dim Zg{A). Thus ZG{e)° C H. In particular, C° C H. Recall that C° is a 
(^-stable) reductive subgroup of G. Hence we can choose a ^-stable maximal torus S of C° ([^ 7.5]). 
Let L = Zg{S), a ^-stable Levi subgroup of G. By [221 Prop. 2.5], e is distinguished in I = Lie(L) 
and Xik"") C L(^\ Clearly x E L. Hence e is distinguished in Zl{x)° = Zh{S) = Zg{x, S)°. Let T be 
a maximal torus of Zh{S) containing A(fe^). Then T = (Tn L^^)) • Z(L)° = (T n ^^(S')^^)) • ^(L)". 
Therefore A(A;^) C that is, A is an associated cocharacter for e in H. 

Since A C H,we can consider ^) as a subset of Let ^{H,A)+ = ^{H,A) D and let 
Hh be the corresponding basis for ^{H,A). By Lemma 15.111 there exists ujh '■ Af] H^^^ such 

that (a, a;) = 2 for all a E H//, and h £ H such that h ■ X = ujh- But A is G-conjugate to w: hence, 
since u and are in the same Weyl chamber in Y{A)^ we must have lo = luh- Thus h ■ X = uj and 
E = h ■ e gY^. Moreover, x ■ E = E. Now by Lemma 15.141 x E Z[G). 

Suppose therefore that x is not semisimple. Let x = su be the Jordan-Chevalley decomposition of 
x. Since x E C, s,m E C also. By HL3.15], all unipotent elements of Zcie) are in ZG{e)°. Hence 
by 1221 Pf. of Thm. 2.3, p. 347], u E G°. But now 9 acts non-trivially on the derived subgroup of (the 
reductive group) C°, hence there exists a non-central 6-split torus in C° (|^ §1]). This contradicts 
the assumption that e is regular, by the above. □ 

Thus we have our desired reward. 

Theorem 5.16. The set Nreg of regular nilpotent elements of p is a single K* -orbit. Hence K* 
permutes the irreducible components of N transitively and J\f is the closure of the regular nilpotent 
K* -orbit. 

Proof. Let e E Mreg and let A : — > K be an associated cocharacter for e. By Cor. 15.111 
Mreg = G ■ c H p. Suppose g £ G and e' = g ■ e £ p. By Lemma [5.41 there exists an associated 
cocharacter fi : — > K for e'. Moreover ^ is ZG(e')°-conjugate to g ■ X. Hence there exists h £ G 
such that h ■ e = e' = g ■ e and h ■ X = fi. But now by Lemma l5.15[ h E K*. 

We have proved that any element of Mreg is iC*-conjugate to e. The regular elements are dense in 
each irreducible component by Thm. 15.11 But therefore Mreg = M . This completes the proof. □ 

Thm. 15.161 generalises |171 Thm. 6] to good positive characteristic. In [HHl, Sekiguchi determined 
(for fc = C) the involutions for which the set of nilpotent elements is non-irreducible. The proof 
comes down to checking which elements of the group F = {a £ A\a'^ £ Z'(G)} stabilize a particular 
irreducible component of N . The calculations in the classical case were omitted. Fortunately, our 
analysis of associated cocharacters, together with the classification of involutions ([31])) considerably 
simplify the task of generalizing Sekiguchi's results. We begin with the following: 

Theorem 5.17. Let e,X,C be as above. Let Z = Z{G), P = {g'^0{g)\g £ G}, t : G — > P, 

g I— > g~^9{g) and denote by T the set of G^ -orbits in Mreg- 

(a) The map from K* to T given by g ^ gG^ ■ e is surjective and induces a one-to-one correspon- 
dence K*/G^C — > T. 

(b) The morphism r induces an isomorphism K*/G^C — > {Z r\ A)/t{C). Since Z (1 G , there is 
a surjective map {Z n A)/t{Z) — > (Z n A)/t{G). 

(c) The embedding F* ^ K* induces a surjective map F* /F{Z r\ A) -^T . 

(d) The map F* ^ Z r\ A, a ^ induces an isomorphism of finte groups F*/F{ZriA) — > 

znA/{znAf. 

Proof. Since K* permutes the elements of Mreg transitively, the map in (a) from K* to T is surjective 
and factors through G^G. Suppose g, g' £ K* and gG^ -e = g'G^ -e. Then there exists x £ G^ such that 
g~^g' ■ e = X ■ e. Moreover, since g~^g' • A is an associated cocharacter for x ■ e and g~^g' • A(fc^) C K, 
there exists y £ Zk{€)° such that yx ■ X = g~^g' • X by Cor. 15.41 Thus g £ g'GG^ = g'G^G. Hence the 
map K* /G^G ^ T is one-to-one. This proves (a). 

bmce K* = T-^{Z r^A), the induced map r from K* to Z H A/t{G) is surjective. Suppose 
therefore that g £ K* and that there exists c £ G such that g^^9{g) = c^^9{c). Then gc~^ £ G^ . 
Hence g £ GG^ = G^G. It follows that the kernel of r is G^C. 
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We recall by IHH 8.1] that K* = F* ■ K. Hence there is a surjective map F* T, a ^ aG^ ■ e. 
Moreover, since F C and az ■ e = a ■ e for any a G F*,z G {Z Ci A), this map factors through 
the cosets of F{Z n A) in F*. This proves (c). Finally, the homomorphism F* ^ Z n A, a ^ is 
surjective by the definition of F* and the fact that A is a torus. Suppose = for some z £ Z Ci A. 
Then (z~^a)^ is the identity element. Hence z~^a € F ^ a € F{ZnA). This completes the proof. □ 

An involution is split (or of maximal rank) if the maximal 0-split torus ^ is a maximal torus of G, 
and quasi-split if Zg{A) is a maximal torus of G. Recall (see Sect. 12. 2|) that, relative to a maximal 
torus S containing A, there is a basis A5 for <I>5', a subset / of A5, and a graph automorphism ^ of 
$5 such that 9*{P) = —wi{ijj{(3)) for any /5 G $5. With this notation, 9 is quasi-split if / = 0, and is 
split if in addition the action of is trivial. 

Corollary 5.18. Suppose G is almost simple and simply- connected. 

(a) Let he split. The irreducible components of M are in one-to-one correspondence with the 
elements of ZjZ"^ . Hence M has 4 components if G is of type D2n , has 2 components if G is of type 
A2n-i, Bn, Gn,D2n+i , , and is irreducible if G is of type A2n, Eq,Es, F4, or G2 . 

(b) Let 9 be quasi-split. Then the irreducible components of M are in one-to-one correspondence 
with the elements of (Z f] A)/t{Z). 

(c) Let 9 be any involutive automorphism and let G be of one of the following types: A2n, Eq, Eg, F4, 
or G2. Then N is irreducible. 

Proof. Since G is semisimple and simply-connected, the isotropy subgroup G^ is connected by [lH 
8.1]. Hence the irreducible components of N are in one-to-one correspondence with the elements of 
Z n A/t{G) by Thm. 15.171 If 9 is split or quasi-split, then a regular nilpotent element of p is also a 
regular element of g, hence G = Z{G). Thus t(C) = t{Z). If 9 is split, then ^ is a maximal torus of 
G, hence Z <Z A. This proves (a) and (b). For (c), the centre Z of G has odd order, hence so does 
Zr\A. Therefore (Z n A)/{Z n Af is trivial. But now by Thm. IS.lZf d). N is irreducible. □ 

Note that by Rk. 15.51 the description of the number of irreducible components of N holds without 
the assumption of simply-connectedness. Using the notation (g, t), the split involutions are as follows: 

- Type An, (s[(n + 1), so(n -M)) (or (0[(n + l),so(n -M)) iip\{n + l)), 

- Type Bn, (so(2n + l),so(n) so(n + 1)), 

- Type Cn, (sp(2n),5[(n)), 

- Type Dn, (5o(2n),5o(n) ©so(n)), 
-Type ^6, (e6,sp(8)), 

- Type^T, (e7,s[(8)), 

- Type£;8, (e8,so(16)), 

- TypeF4, (f4,5p(6) © sl(2)), 
-Type G2, (02,5l(2)©s[(2)). 

Hence Cor. 15.181 confirms no. 2 of Table 1, and no.s 1,2,3,4,6 of Table 2, listed in [351 p. 161]. In 
Sect. 6.3 we deal with the remaining cases. 

5.5 A ^-equivariant Springer isomorphism 

Assume once more that G satisfies the conditions (A)-(C) of §3. Let U (G) be the closed set of unipotent 
elements in G and let AA(g) be the nilpotent cone in g. We let U = {u ^ ^{G) \ 9{u) = u~^}. By 
j3H 6.1], lA d P, where P = {g^'^9{g) \ g G G}. It is well-known (see for example jlH]) that if the 
characteristic of k is good for G, then there exists a G-equivariant isomorphism of affine varieties 
■0 : U{G) — > AA(g), sometimes known as the Springer map. It was also stated without proof in 
§10] that there is a iC-equivariant isomorphism from U to M . We get the desired result in our case 
with the following proposition. Part (c) is due to McNinch ( 20 , Thm. 35]). 

Proposition 5.19. There is a G-equivariant isomorphism of affine varieties ^ : U{G) — > AA(g) such 
that: 
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(a) ^{u-^) = -^{u) (u e U{G) ), 

(b) ^{9{u)) = de{^{u)) (u G U{G)), 

(c) ^{uP) = (u e U{G)). 

Moreover, if (i) p > 3 or (ii) G has no component of type D4 , then we may assume that (h ) holds 
for all automorphisms of G. 

Proof ksU{G) C G(i) andAA(0) C Lie(G(^)) we may assume that G is semisimple. Let Gi,G2, ■ ■ ■ ,Gi 
be the minimal normal subgroups of G and let Qi = Lie(Gi) for 1 < i < I. Then G = Gi x G2 x . . . x 
and = 01 © 02 © • • • © 0«- Let H (resp. L) be the subgroup of G generated by all Gj isomorphic 
to Gi (resp. all Gj not isomorphic to Gi) and let f) = Lie(/7),[ = Lie(L). Then G = H x L 
and = [) © I. Moreover U{G) = U{H) x U{L),M{q) = AA(()) ©7^([). Any automorphism of G 
stabilizes H and L. Hence we may assume that all minimal normal subgroups of G are isomorphic 
to Gi. Identify G with the product Gi x Gi x . . . x Gi {I times). Thus we write an element of G as 
(51,92, • • • ,5/), 9i e Gi- The symmetric group Si acts on G: T{gi,g2, ...,gi) = (5't(i),5t(2), • • ■,aT{l))- 
Furthermore, any automorphism of G can be written in the form to[9i,92, ■ ■ ■ ,9i), where 9i S Aut(Gi), 
{9i,92,...,9i){gi,g2,...,gi) = (6*1(51), ^2(52), 6'«(5«)) and r G Si. Thus it wih suffice to prove the 
proposition in the case where G is almost simple. There are three cases: (i) G is not of type An, (ii) 
G = SL(n, k) with p\ n, and (iii) G = SL(n, k) with p\n. In case (iii) replace G by GL(n, k). 

In all three cases, it is well-known (see for example j4Ul 1.5]) that there exists a representation 
p:G — > GL{V) such that: 

(i) dp : — > qI{V) is injective, 

(ii) The associated trace form Kp : x — > k, {x,y) ^ ii[dp{x),dp{y)) is non-degenerate. 
We construct a new representation a : G — > GL(y © V) defined hy g ^ ^^^^ ^p{g)~ 

The associated trace form Kq- = 2k p. Replacing (/?, V) by (cr, V (BV), we may assume that {p, V) 
satisfies the further properties: 

(iii) dp{Q) c s[(y), 

(iv) ii{p{g)dp{x)) = — tr(p((7^-'^)(ip(2;)) for all 5 G G, a; G 0. 

Finally, construct another representation a : — > Qi{V ®V) defined hy g ^ [ ^ mi ^^ ) ^ 



p{e{g)) 

Gh{V®V). 

By the 0-invariance of the trace (see the proof of Thm. K-i.lj) Moreover, it is easy to see 

that a satisfies (i)-(iv) and that: 

(v) tT{a{9{g))da{x)) = tr{a{g)da{d9{x))) for ah 5 G G,x G 0. 

Identify with its image da{g) and let = {x e 01(^)1 ^^{xy) = OVy G 0}. It follows from (ii) 
and (iii) that qI{V) = © 0"*" and that S 0^. Let t : GL{V) ^ qK^) be the map embedding 
GL{V) as a Zariski open subset of qI{V) and let pr^ : qI{V) ^ be the projection onto induced by 
the direct sum decomposition 0[(V^) = © 0^. Introduce the map r/ = pr^ ol o a : G — > q. It follows 
from 13 Cor. 6.3] that ij restricts to an isomorphism ^ : IA{G) — > J^id)- 

We claim that (iv) and (v) imply, respectively, (a) and (b) of the proposition. Identify GL{V) 
with its image l{GL{V)). By (iv) we have Kfj{rj{g),x) = —Ka{r}{g~^), x) for all x G 0. It follows 
that rj{g~^) = —rj{g). This proves (a). By (v), Krj{r]{9{g)),x) = K(j{r]{g),d9{x)) for all 2; G 0. But 
Kcr{d9{ri{g)),x) = Kfj{r]{g), d9{x)) for all x G 0, hence d9{ri{g)) = ri{9{g)) for any g £ G. This proves 
(b). 

The proof that ri(gP) = r]{g)^P^ is in pOl Thm. 35]. It can be applied perfectly well here without 
affecting the rest of the proof. 

We have constructed the isomorphism ^ invariant with respect to a given involution 9. But Aut G 
is generated over Int G by the group F of graph automorphisms (for G = GL(n, k) with p \ n and n ^ 2 
this follows from Lemma II. 4j) . Moreover the group of graph automorphisms is either trivial, or cyclic 
of order 2 (for types An (n > 2),Dn (?^ > 5), and Eq), or isomorphic to the symmetric group 5*3 (for 
type D4). 

Choose a set of coset representatives G for F. If j? > 3 then we can easily adapt the proof above 
to make r] invariant with respect to every element of G. If there is a component of type D4, then we 
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need the assumption p > 3 for the trace form Kq- to be non-zero. Hence it is straightforward with 
these restrictions to construct an isomorphism ^ satisfying (b) for every element of C. But then ^ 
satisfies (b) for every element of Aut G. □ 

Corollary 5.20. There is a K* -equivariant isomorphism of affine varieties ^ : lA — > N . 



6 A reductive subalgebra 
6.1 Preparation 



Fix a cocharacter uj : — > A as in Lemma [5.111 and let = {x £ 0(2; w) | Zg{u)) ■ x = g{2;io)}, 
y_a; = {x £ q{—2;uj) I Zg{uj) • x = g(— 2;tj)}. Then u; (resp. —uj) is an associated cocharacter for any 
X G 1^ (resp. X £ Y^^^). Let S* be a maximal torus of G containing A. Recall ( 38 and [33 1.3-4] - 
see also Sect. 12. 2p that there exists a basis for ^s, a subset / of As, and a graph automorphism 
V' : $5 (stabilizing As and /) such that: 

- e*{a) = -wiiipia)), a £ $5, 

- 9*{a) = a, a £ I, 

- a\A = 1 if a G /, and for a, (3 £ As \ I, a\A = P\a beta £ {a, ip{a)}. 

- The set 11 = {a|yi : a £ A5 \ /} is a basis for 

Fix 5, As', 1,-0,11 as above. Let be the set of a £ such that a/2 ^ ^a- For a £ ^a, 
denote by "if a the set of all /3 S $5 such that f5\A is an integer multiple of a: ^'q, is a closed symmetric 
subset of ^s- For /3 G <I>5 let C/^ be the unique closed connected 5-stable subgroup of G such that 
Lie(f/g) = 0/3. Let La be the subgroup of G generated by S together with all subgroups Up,P £ ^'q. 
Then La is a ^-stable connected reductive subgroup of G and C/g C Lq, if and only if /3 G ^„ ( [SD Pf- 
of 4.6]). In fact, we are only concerned here with the following case: 

Lemma 6.1. Let a£li. Then La is a standard Levi subgroup of G relative to {S,As). 

Proof Let /3 E A5 be such that /?U = «• Then e*{f3) = -wiiipiP)) £ Hence ^a = ^j, 

where J = /U{/?,V'(/?)}. □ 

RecaU (HH §1]) that Zcito) = Zg{A) = M ■ A (almost direct product), where M = ZxiAf. It is 
clear from the definition that ZL^{<jJa) = Zg{A). Once more we denote by (. , .) : X{A) x Y{A) — > Z 
the natural pairing of abelian groups. 

Corollary 6.2. There exists a cocharacter u>a '■ — * A n La^ such that {a,uJa) = 2. We have 
uJa = UJ + fia for some fia £ Y{{Z{La) n ^)°). 

Proof. All of our earlier results apply to the ^-stable Levi subgroup La of G. In particular, there 
exists a cocharacter uja '■ — > Ad La^ such that {a,uja) = 2 by Lemma 15.111 Now, clearly 
{uJa -uj) £ Y{A). But {a, uja - uj) = 0, hence uja - uj £ Y{Z{La)°). □ 

Let E = X{A) 02 IK and let (. , .) : E x E ^ M he a VF/i-equivariant inner product. The set <I>^ is 
a root system in E with Cartan integers {a, 13) = 2(a,/5)/(/3,/3), q,/3 G H ([^D §4]). 

Lemma 6.3. We have (/?, Wq,) = {P,a) for all a,(3 £ll. 

Proof. Let E* be the dual space to E, naturally identified with Y{A) ®i M. The inner product (. , .) 
induces a VFA-equivariant isomorphism E ^ E* . Note that for x £ E, Saix) = —x 4^ x £ Ma. 
Moreover, E* = Ruja {Y{{Z{La) n A)°) ®i M). Hence for y £ E*, Sa{y) = -y y £ Mw^. It 
follows that the isomorphism E ^ E* sends a to cuja for some c £ M^. Thus (/3, a) = c{(5,uJa) for 
all j3 £ ^A- But {a, UJa) = 2, hence c = (a,a)/2. Therefore Wq,) = 2(/5, a)/(a, a) = {(3, a) for all 

a,/3en. □ 

It follows from the construction of uJa that there is an open ZG(a;)-orbit on Q{a;A), which we 
denote Ya. Since La is a Levi subgroup of G, uJa is an associated cocharacter (in G) for any Xa £ Ya. 
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Lemma 6.4. Let Ea G Ya- Then du!a{l) = £,a[Ea, d6{Ea)] for some ^ ■ 

Proof. By properties of associated cocharacters, ^g{Ea) H Q{—a; A) = 0. Hence [Ea, d6{Ea)] ^ 0. 
But dim A n La^ = 1, hence dim a H Lie(La^) = 1. It follows that there exists G such that 

duJa{l)=UEa,de{Ea)]. □ 

Lemma 6.5. The differentials da : o — > a, a € 11, are linearly independent. 

Proof. It follows at once from the definitions that riagnkerda = 3(s)na. Moreover, 3(0) = Lie(Z(G)°) 
by [SI 2.3]. ButZ(G)° is a 61-stable torus, hence Z(G)° = (ZnK)° -(ZnA)" bv LemmalO Therefore 
3(g) n a = Lie((Z n ^)°). But dim^ - dim(Z n A)° = rk$A (see for example |^ Rk. 4.8]). This 
completes the proof. □ 

Corollary 6.6. The toral elements dujai^) are linearly independent. 

Proof. Let E^ € Ya for each a S 11. By Lemma 16.41 there exist ^a £ k^ such that dtOai^) = 
(,a[Ea,d9{Ea)] for each a. 

Let K be a non-degenerate {9, G)-equivariant symmetric bilinear form on g, let S" be a maximal torus 
of G containing A, and let s = Lie(S'). By S'-equi variance, the restriction of k to s is non-degenerate; 
by ^-equivariance, the restriction to a is also non-degenerate. Let a £ a. Then K{a, dujai^)) = 
£_ada{a)K,{Ea, dO{Ea)). Since K|oxa is non-degenerate, K{Ea,d6{Ea)) 7^ and the isomorphism a — > a* 
induced by k sends dtOai^) to a non-zero multiple of da. By Lemma the toral elements diUa{l) 
are linearly independent. □ 



6.2 Optimal cocharacters and Xj. 

Let H he a reductive algebraic group, and let p : if — > GL{V) be a rational representation. Recall 
that V G V is iif-unstable if G p{H){v): otherwise v is H-semistahle. Note that the i7-unstable ele- 
ments are the points of 7ry^(7rv'^//(0)). We have the Hilbert-Mumford criterion (see [21], for example): 
- V is H -unstable if and only if there exists a cocharacter A : k^ — > H such that v is X{k^)- 
unstahle. 

Let T be a maximal torus of H, and let Wt = Nh{T)/T. Let Y{T) be the lattice of cocharacters 
in T and let E* = Y{T) ®z Let (.,.): Y{T) x Y{T) — > Z be a Wr-equivariant, positive definite 
symmetric bilinear form, extended linearly to an inner product (. , .) : E* x E* — > M. There is a 
corresponding length function ||.|| : E* — > M.-^, A ^ (A,A)"'^/^. Any cocharacter A : k^ — > H is 
ii-conjugate to an element of Y{T), hence we can describe the set of cocharacters in H as the union 
Y{H) = [JY{hTh~^). Moreover, if A,// E Y(T), then A and /i are -fT-conjugate if and only if they 
are PVr-conjugate. It follows that the length function can be extended to an i?-equivariant function 
||.|| : Y{H) — > M^o. 

Let A G Y{H) and let h £ H. We say that the limit lim^^o '^(^)^'^(^~^) exists if the morphism 
^ H, t X{t)hX{t^^) can be extended to a morphism ry : fc — > iJ. If ry exists then it is unique: we 

write lim^^o X{t)hX{t^^) for the image ??(0). We associate to any cocharacter A the following subgroups 

ofH: 

P(A) ■={he H \ lim X{t)hX{t-^) exists}, 
U{X) :={hGH \ lim X{t)hX{t-^) = Ih}, Z{X) = Zh{X). 

(Here Ih is the identity element of H.) Then P{X) is a parabolic subgroup of H with Levi decompo- 
sition P{X) = Z{X)U{X). 

For A G Y{H) and i e Z set V{i;X) = {v e V\p{X{t)){v) = fuVt E fc^}: hence V = ©iez^(i;A). 
Let V G V, V = J2iez Vi, Vi G y{i'. A). We write m{v, A) for the mininum f E Z such that Vi 7^ 0. The 
(non-trivial) cocharacter A is optimal for v if m(i', A)/||A|| > m(w,;u)/||/i|| for all 7^ /i E Y{H). A 
cocharacter A is primitive if X/m E Y{H) =^ m = ±1. 

The main result of the Kempf- Rousseau theory is the following ( |15| I33j ) : 
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Theorem 6.7 (Kempf, Rousseau). Let v be an H-unstable element ofV. 
(a) There exists at least one optimal cocharacter A G Y{H) for v. 

(h) There is a parabolic subgroup P{v) of G such that P{v) = P{X) for any optimal cocharacter A 
for V. The centralizer Zh{v) C P{v). 

(c) Let be the set of all cocharacters in H which are primitive and optimal for v. Any two 
elements of are conjugate by an element of P{v). Each maximal torus of P{\) contains a unique 
element of A^. 

Let T be a maximal torus of H, and let A G y{T). We denote by T'^ the subtorus of T generated 
by all cocharacters /i with (A,/u) = 0, and by Z^{X) the subgroup of Z{X) generated by Z{X)^^^ and 
T^. Then Z^{X) is a closed subgroup of Z{X) of codimension 1, and is independent of the choice of 
maximal torus T containing A. We have the following criterion for optimality (Kirwan Ness |25j): 

Proposition 6.8 (Kirwan, Ness). Let i > 1, and let v £ V{i;X). Then X is optimal for v if and 
only if V is Z^{X)-semistable. 

Consider the adjoint representation Ad : G — > GL(g). Here x G g is G-unstable if and only if it 
is nilpotent. In [5^1, Premet showed that every nilpotent element x G g has a cocharacter A which is 
both optimal for and associated to x. (In general optimality depends on the choice of length function 
on Y{G).) Let A be any associated cocharacter for x. Then A is optimal for x, and either A or A/2 is 
primitive ( |29| Thm. 2.3, Thm. 2.7]). On the other hand, if A is optimal for x and x G 0(2; A), then 
A is an associated cocharacter for x ( |22| Thm. 14]). 

Let be a maximal torus of G containing A, and let E = X{S) 0z By j31| 2.6(iv)], S is 
^-stable. Let Ws = Ng{S)/S, let T be the group of automorphisms of S generated by Ws and 9, and 
let (.,.): E' X £' — > M be a F-equivariant inner product such that (a, f3) G Z for all a, (3 £ X{S). The 
inner product induces a F-equivariant isomorphism E ^ E* . Moreover, E* identifies with Y{S) f^iz^- 
Hence we write (. , .) also for the induced inner product on E*. Let E- (resp. E'^) denote the (—1) 
eigenspace in E (resp. E*). Then E_ (resp. E'L) can be identified with X{A)^z^ (resp. y(A)(8)zM). 
The isomorphism E ^ E* restricts to a PK4-equivariant isomorphism E^ E*_- Recall (j43i §1]) 
that Zg{A) = M ■ A (almost direct product), where M = Zk{A)°. Clearly Zg{A)^^^ C M. Since 
uj is regular in A, Zcii^) = Zg{A). Let A'^ denote the subtorus of A generated by all fj.{k^), with 
fi G Y{A) such that (/U,u;) = 0. 

Lemma 6.9. Z^{uj) = M ■ . 

Proof. Let Sq = {S f^ K)° . By 0-equivariance, (^,w) = for all ^ G Y{Sq). Hence Z-^{uj) contains 
So ■ Zg{A)^^'^ = M. The lemma now follows at once. □ 

Let a G n and let La be the (Levi) subgroup of G introduced in Sect. 16.11 Note that Zi^(wa) = 
Zq^uj) = M ■ a. Let Z-^^{uja) be the subgroup of Zg{A) generated by Zg(^)(^) and 5"^" (using similar 
notation to that used above). 

Lemma 6.10. (i) Z^JcOa) = M ■ {Z{La) D A)° . 

(a) Let Xa G Q{a; A). Then x^ G Y^ if and only if Xa is M-semistable. 

Proof. By Lemma El applied to L„, Zf^(wa) = M • But A = (Z(La) n A)° ■ oj^ik"^), hence (i) 
follows. Part (ii) now follows from the Kirwan-Ness criterion. □ 

For ease of notation, let tTq, = T^Q{a-^A),M- '^^^ choose homogeneous generators /i, /2, • • • /; for 
A;[g(a; A)]*^. Let the respective degrees be di,d2, . . . di. Recall (Rk. 14. 5j) that there is a natural action 
of A on Q{a;A)//M, induced by the action on Q{a;A). Clearly a ■ fi = a{a)~'^^ fi for any a G j4. Let 
Ua be a vector space with basis ui,U2, . . .ui and let A act on Ua by: a ■ Ui = a{a)'^^Ui, extending 
linearly to all of Ua- Hence the morphism Q{a; A) — > Ua, x^ i— > ^ fi{xa)ui induces an A-equivariant 
embedding La ■ Q{a;A)//M ^ Ua- Since the fi are homogeneous, ia(7rQ(0)) = 0. Hence Xa G Ya if 
and only if iaiT^aixa)) / (by Lemma r().l()|) . 
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Let ro = rk$^. Embed A diagonally in the product Zg(^)'"°, and let H = Af" C 
Clearly H commutes with A. Let the coordinates of Zg{AY° be indexed by the elements of n, and let 
ZciAY^ act on 0(2; cj) = (BaenQio; A): [go) •J2ya = Ylida • Va)- It is easy to see that the quotient 
q{2]uj)//H is naturally isomorphic to Hagn ^)//^- Identify q{2;uj)//H with Yl^^jj g{a; A) // M , 
let U = (BaenUa, and let l = (Yl • 0(2; i^) //H — > U. Then l is an A-equivariant embedding. Hence 
by Rk. 14.51 the following diagram is commutative: 

0(2; c^) . Q{2;io)//H . U 



e{2;uj)//A^ q{2-u)//A^H — U//A^ 
(Note that by construction '-(vrg(2:a;),_f/ (0)) = 0-) 

Lemma 6.11. (i) Let u £ U . Then u is A''^ -unstable if and only if Ua = for some a S IT. 

(ii) Let X = X^agn £ 0(2; w)- Then x is A^ H-semistable if and only if Xa G for all a £JI. 

Proof Since A'^ = {A'^ D • (Z(G) n A)° and (Z(G) n A) acts trivially on U, we may clearly 

assume that G is semisimple. Suppose that u G U is A'^-unstable. By the Hilbert-Mumford criterion, 
there exists // G Y{A^) such that u is /i(/c^ )-unstable. After replacing // by —fi, if necessary, we may 
assume that u £ J2i>i ^^(^5 A*)- Note that Ua C J2i>i U{i; /u) if and only if {a,fi) > 0. Hence if Mq, 7^ 
for all a, then (a, /i) > for all a S H. But this implies that /j, and to are in the same Weyl chamber 
in Y{A), which contradicts the assumption that (/i,u;) = 0. 

Suppose therefore that Ua = for some a G H. Recall that m = Wa + fJ-a for some G Y{Z{La)). 
Hence {uj,u)) = (0:^,0;^) + (/iQ,,/ia) and (a;Q,,a;) = {uja,^a)- R follows that c = (uJa,'-^)/it^,^) < 1- Let 
m G N be such that v = m{uJa — cuj) G Y(A). Then in fact v G Y(A'^). Moreover, (a,i^) > and 

h') < for all /3 G H \ {a}. Hence u is z^(fc^)-semistable. This proves (i). 

For ease of notation, let V = 0(2; w) and let Va = Q{a;A). Suppose x = Xa £ V . Recall (Rk. 
14. 5|) that TTv,A'^H = '^v,A'^H/H ° T^V-H- Moreover, V//H embeds as an ^-stable subset of U . It follows 
that X is an A^/f-unstable element of V if and only if i{'Kv,H{x)) is an A'^-unstable element of U. 
But by (i), this holds if and only if iaiT^aixa)) = for some a G H. Hence, by Lemma [6.1UI x is 
A'^/Z-semistable if and only if Xq, G for all a. □ 

Corollary 6.12. Let x G 0(2; oj) he such that Xa G Ya for all a G H. Then x G 11,. 

Proof. By the Kirwan-Ness criterion, x G 1^ if and only if x is Z-'-(a')-semistable. If x is Z-^{u))- 
unstable, then it is clearly also ^"^i^-unstable. But then Xa ^Ya for some a G H by Lemma 16.111 □ 

Hence we have the following equivalent conditions: 

Proposition 6.13. Let x = X^^gn^a G 0(2; w). Then the following are equivalent: 

(i) X G Y^, 

(ii) [0'",x] =0(2;a;), 

(Hi) Xa G Ya for each a G H, 

(iv) [Q^,Xa] = Q{a;A) for each q G H. 

Proof. The equivalence of (i) and (ii) is an immediate consequence of the separability of orbits, (see 
Lemma f4.2|) . Hence (iii) and (iv) are also equivalent (since La is a Levi subgroup of G). Suppose 
[q^^x] = 0(2; oj). Then ®a(^n[Q^ ,Xa] = 0(2; l<j), hence [0'^,Xq,] = Q{a;A). This shows that (ii) =^ (iv). 
But by Lemma 16.111 (iv) (ii). This completes the proof. □ 

Remark 6.14. The above proposition differs slightly from jl7l Prop. 19], which it seeks to imitate. 
Kostant-Rallis' version considers only elements of 0(2; w) which are contained in the real form 0k. 
Then x G H 0ir if and only if x^ / for each a. 
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6.3 Construction of g* 

In ^21) Kostant and Rallis constructed a reductive subalgebra q* of g containing a as a Cartan 
subalgebra. We will now generalise this to positive characteristic. Fix E and let duja{^) = = 
^a[Ea-,d9{Ea)\. Let Fa = iadO{Ea). Hencc {Ha-,Ea,Fa} is an s[(2)-triple for each a. 

Lemma 6.15. We have the following relations: 
(a) [Ha,Hp\={) {a,(3£ll), 
(h) [Ha,Ep] = -{f3,a)Ef, {a,(3eU), 

(c) [Ha,Fp] = {l3,a)Fp {a,f5eU), 

(d) [Ea,F(^]=0 fora^ f3€U, 

(e) (adS„)-<^'°)+n^/3) = (adF„)-</3-">+i(F^) = /or a / /3 G H, 

(f) = fI^I = 0, and H^^ = for every a € H. 

Proof, (a) is immediate since Ha G a; (b) and (c) follow from Lemma 16.31 If a 7^ /? G n, then 
a — (5 ^ ^A- Hence (d) follows. Clearly, /3 + ma G ^ (5 + ma G (^a- But the integers a) are 
the Cartan integers for <I>^. Hence /3 + (1 — {(3, a)) ^ <I>^, which proves (e). Finally, if a G ^a then 

3a i $A by Lemma EH Hence E^"^ = rj^^ = 0. Since Ha = duja{^), Ha is a toral element. This 
proves (f). □ 

Proposition 6.16. Let b* = b*{E) be the subalgebra of q generated by the elements Ea, Fa, Ha- Then 
b* is a d9-stable restricted subalgebra of q, onLie(G^"^^) is a Cartan subalgebra of b* , [b*,b*] = b* , 
and b* is an almost classical Lie algebra of universal type with root system Hence there exists a 
simply- connected semisimple group B* such that Lie(i?*) = b* . 

Proof. Since the set {Ha, Ea, Fa} is d^-stable, so is b*. Furthermore, E^i^' = f'S'^ = and i^i^' = Ha by 
Lemma fo.lSr f). It follows that b* is a restricted subalgebra of g. Let G{2), ■ ■ ■ , G{i-) be the minimal 
^-stable normal subgroups of G^^^ and let g^i) = Lie(G(i)), 0(2) = Lie(G(2)), • • • , Q(i) = Lie(G(;)). Hence 
Lie(G(^)) = 0(1) e 0(2) © ... © 0(/). Moreover = U <I>(2) U . . . U <^(^) is the decomposition of the 
root system into simple components, where ^>(j) = <I>(G(j), An G(j))*. Thus b* = b(j^) © b(2) © ... © b*iy 
where b^.) = b* n 0(j). But therefore we have only to prove the proposition in the case G = G(i). 
Hence we may assume that <I>^ is irreducible. 

Let {Ha,E^,F'p : a G H, /5 G ('I'^)'''} be a Chevalley basis for a complex semisimple Lie algebra 
0C with root system Let qi be the Z-subalgebra spanned by the elements Ha,E'^,F^. The 
k-Lie algebra qz ©z k is an almost classical Lie algebra of universal type, and it is generated by 
{Ha © 1, Ea © 1, Fa © 1 : a G H}. Hence by Lemma 16.151 there is a unique Lie algebra homomorphism 
: 0z © — ^ b* such that H^ I ^ Ha, E"^ 1 ^ Ea, F^ ^ 1 ^ Fa. Since b* is generated by the 
elements Ea, Fa, a G H, (p is surjective. The ideals oi qz k are given in p. 446-7]. Since p is 
good, there is only one case of a non-trivial ideal: when is of type An and p\{n + 1), the centre 
is of dimension 1. But by Cor. 16.61 the elements Ha, a G H are linearly independent. Hence (p is 
injective in all cases. Thus b* = 0z © k. Since b* is of universal type, there exists a simply-connected 
semisimple group B* such that Lie(-B*) = b* (see the discussion in |1U1 §1]). It remains to show that 
onLie(G(i)) is a Cartan subalgebra of b*. But by Cor. 16.61 onLie(G(^^) is spanned by Ha , a G H. □ 

Lemma 6.17. Let a' = Ue{A n G^^)) and let W* = iVfi. (o')/^b. (a'). Then Wa = iVG(a)/^G(a) is 
naturally isomorphic to W* . 

Proof. Since the root system of B* is identified with <I>^, Nb* {aj/Zs* (a) is generated by the reflections 
Sa, a G H. But so is Wa by ^T^, 4.5]. □ 

We are now ready to present the main theorem of this section: 

Theorem 6.18. Let E gY^ and let Q*{E) be the Lie subalgebra of q generated by E,d6{E) and a. 

(a) Q*{E) is a d9 -stable restricted subalgebra of [0*(£'), 0*(£^)] = b*{E), and a is a maximal toral 
algebra in q*(E). 
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(b) There exists a reductive group G* satisfying the standard hypotheses (A)-(C) of ^3, such that 
Ue{G*) = Q*{E). 

(c) There is an involutive automorphism 6* of G* such that dO* = dO]^. 

Proof Let g* = 0*(^),b* = b*{E). Since [a,^] = Eaen and [a,de{E)] = Y.am^de{E^), g* 
contains h* . Moreover, [b*,b*] = b* by Prop. 16.161 and a normalizes b*. Hence b* = [0*,g*]. Clearly 
0* is generated by o and b*. Therefore g* is d^-stable and closed under the p-operation. This proves 
(a). 

By Prop. 16.161 b* = Lie(-B*), where B* is a simply-connected semisimple group. Let 5" be a 
maximal torus of G containing A and let A5 be a basis for ^[G,S) such that IT can be obtained as 
{/3U : /3 G A5}. Let S' = SnG'^^\A' = Ar\G^^\a' = Ue{A'). Since G^^) is simply-connected, 
Y{S') = ®i3£Asl^'^ ■: where denotes the coroot corresponding to (3. Let a G IT and let /5 G A5 be 
such that I3\a = ol. There are three possibilities: (i) = — /9, (ii), —6*{P) and /3 are orthogonal, 

and (iii) —6* {(3) and /? generate a root system of type A2. But now we can describe uja explicitly: in 
case (i), = Z?^; in (ii) coa = - 0*{(3Y] and in case (iii), = 2(/3'^ - e*{l3Y). Let c^, = 1 if a is 
of type (i) or (ii), and Cq, = 2 if a is of type (iii). It follows from Lemma 12.51 that {wq/cq, : a G 11} is 
a basis for Y{A'). 

Let A*^ be the unique maximal torus of B* such that Lie(^^) = a' (Lemma ITIJ. Then Y{A*^) 
can be identified with (Ba&i^'^a C Y{A'). Hence Y{A*q) embeds as a sublattice of Y{A') of index 
2*, where i is the number of roots in H which are of type (iii). Let {xa ■ ol G H} be the basis for 
X(^') which is dual to the basis {wq/cq : a G H} for y(A'). Then we can identify X(^^) with 
®a&il-{Xalca) C X{A!) ®i Q. Clearly X{A') is a sublattice of X{A%) of index 2\ Now the basis 
{Xa} can be lifted to a basis {XaiZj : aGn,l<j<r — tq} for X(A). (Here r = dim A and 
ro = rk $;^.) Let Ax = ©agnZ(Xa/ca) © Zzi © . . . © Zz^.^o C X(yl) ©z Q- Clearly Ax contains X[A) 
as a sublattice of index 2*. The pairing (. , .) : X{A) x l^(^) — > Z can be extended to a Z-bilinear 
map (.,.): Ax X y(y4) — > Q. Let Ay = {A G Y{A) \ {x, A) G Z Vx G Ax}. Then Ay is a sublattice 
of y(^) of index 2\ 

Let A* be the torus with character lattice Ax, that is A* = Spec(A;Ax). Then A* contains A*^. 
Since Ay is of index 2* in Y{A), we can identify Lie(^*) with a. Set G* = {B* x A*)/diag{A%). 
It is easy to see that G* is reductive and that Lie(G*) can be identified with q* . To prove (b) we 
therefore have only to show that the restriction to g* of the d^-equivariant trace form k (see Cor. 13. 2|) 
is non-degenerate. 

Let s = Lie(5'). Since k is non-degenerate its restriction to 5 is non-degenerate. But k is also 
d^-equi variant. Hence «;(s, a) = for any s G s n t and any a £ a. It follows that the restriction 
«^|axo is non-degenerate. To show that K\g* is non-degenerate, it will therefore suffice to show that the 
restriction to g* x g^^, is non-degenerate for every a G (Here g* = g(a; A)nQ* , a one-dimensional 
root subspace for each a G ^\)- But the Weyl group of G* is isomorphic to Wa by Lemma f6.17l 
Hence to see that the restriction of k to g* is non-degenerate, we require only that K,{Ea,Fa) 7^ 
for each a G H. Since k is non-degenerate on 0, there exists a G such that K(a,Ha) 7^ 0. But 
K{a,Ha) = da{a)K{Ea, Fa) 7^ 0. Hence K|g*xg* is non-degenerate. 

Since B* is simply-connected, there exists a unique automorphism 6^ of B* such that dO'^ = d9\ii* 
by Lemma ll.3[ Hence the involutive automorphism of B* x A* given by {g, a) 1— > (^^(5), o^^) induces 
an automorphism 9* of G* = {B* x A*) / diag{A*^) satisfying d9* = d9\g*. □ 

As an immediate consequence of the theorem, all of our earlier results apply to the pair {G*,9*). 

Remark 6.19. It is possible to construct a group Gq such that Lie(GQ) = g* and ^ is a maximal torus 
of Gq- It is clear from the proof of Thm. 16.181 that the universal covering of (Gg)^^^ is isomorphic 
to B*, and that B* (Gg)^^^ is separable, with kernel of order 2*. Here i is the number of roots 
a G H which are of type (iii) (that is, if /? G A5 satisfies (3\a = a, then (3 and —9* {[5) generate a root 
system of type A2). It can be seen from the classification of involutions (proved in odd characteristic 
by Springer 3.9 ) that there is at most one root of type (iii) for each component of the root system of 
G. Suppose G is almost simple, hence so is G*(= B*). Since the universal covering G* — > Gq maps 
Z{G*) onto Z{G) n A, we can easily calculate the order of Z{G) H A for an arbitrary involution. 
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Lemma 6.20. Let G he an almost simple (simply-connected) group. 

(1) Suppose 9 is quasi-split, but not split. 

(a) J\f has two irreducible components if G is of type A2n+i or I?2n+i- 

(b) Otherwise M is irreducible (types A2n, D2n, Eq). 

(2) Let 9 be an involution which is neither split nor quasi-split. If G is of type A, Eq, Eg, F4^, or if 
9 is an outer involution in type D, then N is irreducible. 

Proof. (1) Let Z = Z[G). Recall from Cor. 15.181 that the components of N are in one-to-one 
correspondence with the elements of Z f] A/t(Z), where r : G — > G is given hy g ^ g~^9{g). Suppose 
G is of type Eq. Then Z is a cyclic group of order 3, hence {Z n A) / {Z n A)'^ is trivial. By Thm. 
15.171 M is irreducible. Similarly, J\f is irreducible if G is of type A2n- For G of type A2n+i (resp. 
D2n+ii D2n) we Can see from jSHl PP- 664-665] that is of type Gn+i (resp. B2n-i, B2n-i)- Hence 
Z{G*) is of order 2 in each case. Unless G is of type D2n-, 9 is inner by [SHI) hence 9{z) = z for any 
z G Z{G\ On the other hand, an outer automorphism acts non-trivially on the centre. It follows 
that t(Z) is trivial unless G is of type D2n^ in which case it is of order 2. This shows that M has the 
number of irreducible components indicated. 

(2) If G is of type Eq,E8, or F4, then Z/Z'^ is trivial, hence J\f is irreducible by Thm. 15.171 For 
an inner automorphism in type A, $^ is of type G, hence Z{G*) is of order 2. Moreover, there exists 
a root a G n of type (iii); hence Z r\ A is trivial. It follows that J\f is irreducible. Suppose is a 
non-split outer automorphism in type A2n+i- Then <I>^ is of type An, and there is no root of type (iii). 
Therefore A is of order {n+l). But (since 9 is outer) we have z ^ z~^ for z (z Z. Thus t{Z) = Z"^ 
is of order (2n -|- 2)/2 = (n -|- 1). Therefore Z D A = t{Z), which implies that M is irreducible. 

Finally, suppose 9 is an outer involution in type D. Then $^ is of type B, hence Z{G*) is of order 
2. There is no root of type (iii), hence Z CiA is also of order 2. But 9 acts non-trivially on the centre, 
hence t{Z) 7^ 1. It follows that Z D A/t{Z) is trivial. □ 

Lemma I6.2UI provides us with two more classes of involution for which has two irreducible 
components: the quasi-split involutions in type A2n+i and D2n+i are, respectively {gl{2n + 2),g[(n -|- 
1) ®gl{n + 1)) and {5o{4n + 2),5o{2n + 2) ©so(2n)). 

We now check the remaining (non-quasi-split) cases. The classification of involutions in [22] as- 
sociates to each class of involution a unique Araki diagram: the Araki diagram for is a copy of the 
Dynkin diagram on A5, with the action of ip indicated, and the vertices in / (resp. A5 \ /) coloured 
black (resp. white). But then one can easily write down the weighted Dynkin diagram corresponding 
to uj (and hence to a regular nilpotent element of p): h{a) = 2 if a E A5 \ I, and h{a) = if a G /. 
Lemma [6.201 and [5^ reduce us to the following cases: 

(i) Non-split involutions in type B^- Here there are (n — 1) classes of involution, with corresponding 
weighted Dynking diagrams 

2 ••• , 2 2 ••• , ... , 2 ••• 2 

In each case $^ is of type B, and there is no root a G H of type (iii). Hence Z n ^ is of order 2. For 
type B it is easier to carry out the calculations in the adjoint group S0(2n -|- 1), which we embed in 
the standard way in SL(2n -|- 1). Let e be a regular nilpotent element of p and let G be its 'reductive 
part'. The determination of the number of irreducible components of therefore comes down to the 
determination of whether G is contained in K or not. (Here G^ /K is of order 2.) The embedding of 
G in SL(2n -|- 1) allows us to classify the nilpotent orbits in g by partitions of (2n -|- 1), see for example 
j37| 3.5]. (The only partitions which occur in type B are those such that i appears an even number of 
times if i is even.) The partitions of (2n -|- 1) corresponding to the above weighted Dynkin diagrams 
are, respectively, 3^l2("~i), 5^l2("~2)^ . . . , (2n - 1)^1^. 

The pair corresponding to a weighted Dynkin diagram as above with m 2's is (so(2n -|- l),so(m) © 
5o(2n -|- 1 — m)). It follows that if m is even and e is a regular nilpotent element of p, then 9 is 
conjugate to Ad A(-v/— 1), where A is an associated cocharacter for e. But then Zg{X) C K, hence 
G C K. It follows that in this case, M has two irreducible components. 
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Suppose therefore that m is odd. It is easy to see that K = SO(rn-) x S0(2n + 1 — m), and that 
= {((?, h) G 0{m) X 0(2n + 1 — m) | det g = det K}. Here C /C° is of order 2 by Sommers' theorem. 

In fact, we can see by direct calculation that C = 0(2n + 1 — m), and that C/C° is generated by 

an element of ^ Oirn) x 0(2n + 1 — m) of the form {—I,n), where detn = —1. But therefore 

CK = G^ . It follows that Af is irreducible in this case. 

(ii) Non-split involutions in type Cn- We consider G = Sp{2n,k) as a subgroup of SL(2n, fc) in 

the standard way. There are [n/2] classes of non-split involution of G, with corresponding weighted 

Dynkin diagrams 



2 







2 2 



, 



2 2 
2 2 



2 
2 



if n is even, 
if n is odd. 



In each case, the roots <I>^ are of type B, and with the exception of the case 2 2 • • • 2, 
there is a root a G 11 of type (iii). This shows that ZCiAis trivial in each except this final case, which 
is (5p(4n), sp(2n) ©5p(2n)). Here a regular nilpotent element of p is of partition type (2n)^. Up to 

Mo o\ /I o\ 

, where Aq 

\0 Ao) 



conjugacy, 9 is equal to conjugation by Int 

Then e = eis + 624 + ■ ■ 
unique diagonal cocharacter which is associated to e, then c 

^0 1 



-1 



-1 



1/ 



e2n-2,2n G is a regular nilpotent element of p. Hence if A is the 

n 0\ 

G Zg{\) n Zcie) and 

nj 



c-^9{c) 



-1, where n 



1 



It follows from Cor. 15. 181 that M is irreducible in this case. 



(iii) Inner involutions in type D2n- There are (n + 1) classes of involutions, producing $^ of types 
B2, Bi, . . . , B2n-2, Cn,Cn- The Corresponding weighted Dynkin diagrams are: 















2 2 



2 2 2 2 



2 2 2 



2 



2 



Moreover, we have respectively: 6 = 5o(4n — 2)©5o(2), so(4n — 4)©so(4), ... ,so(2n + 2) ©5o(2n — 
2), g[(2n), 0[(2n). (The final two cases are conjugate by an outer involution of G.) The nilpotent orbits 
in g are classified in a standard way by partitions of 4n, see for example |371 3.5]. (The only partitions 
which occur in type D are those such that i appears an even number of times if i is even.) The 
partitions corresponding to the above weighted Dynkin diagrams are 3^.1^*^"^, 7^.1^"'"'', . . . , (4n — 
5)l.l^(2n)^(2n)2. Hence by Sommers' theorem j37 ( I29 ( OH] . in each of these cases the group C = 
n Zcie) is connected modulo Z{G). (Here e is a regular nilpotent element of p and A is an 
associated cocharacter for e.) Moreover, there is no root of type (iii). Hence Z D A/t{C) = Z D A = 
Z{G*). Thus N has two irreducible components. 

(iv) Inner involutions in type D2n+i- There are n classes of involutions, producing $^ of types 
B2, Bi, . . . , B2n-2, Bn- The corresponding weighted Dynkin diagrams are: 











2 2 



2 2 2 2 



, 2 2 



2 



2 

and 2 ••• 

2 
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We have, respectively: t = so(4n) © so(2),5o(4n - 2) © 50 (4), ... ,so(2n + 4) © 50 (2n - 2), and 
0[(2n + 1). In the final case 0*{a2n) = -{a2n-i + a2n+i)- Thus a2nU = a2n+iU is of type (iii), 
=^ AriZ{G) is trivial is irreducible. For the first (n — 1) diagrams, the corresponding partitions 

of (4n + 2) are: 3^1^""^ 7^1^"-^ . . . , (4n-5)^l'^. By Sommers' theorem ZG(A)nZG(e) is connected 
modulo Z{G) in each case. It follows that M has two irreducible components. 

(v) (Inner) involutions in type £'7. Here there are two classes of involutions, with weighted Dynkin 
diagrams: 

222020 , 200022 

and Q . 

For the first class, which is (e7,5o(12) ©5l(2)), is of type F4, hence M is irreducible (since the 
fundamental group of F4 is trivial). For the second, which is (ey, eg © k), is of type C3 and there is 
no root of type (iii). Hence {ZD A)/t(Z) is of order 2. Moreover, by Sommers' theorem f |371 p. 558] 
and ISniEB]) Zg{X) H Zcie) is connected modulo Z{G). Therefore M has two irreducible components. 

This completes the process of computing the number of irreducible components of M. The non- 
irreducible cases match those given by Sekiguchi in for k = C 

Proposition 6.21. The classes of involution for which J\f is non-irreducible are as follows. 

- Type A: (0[(n),5o(n)), (0[(2n), 0[(n) © 0l(n)). 

- Type B: (5o(2n + l),5o(2m) ©5o(2(n — m) + 1)), only if the even part 2m < 2(n — m) + 1, 

- TypeC: (5p(2n), 0[(n)), 

- TypeD: (5o(2n),5o(2m) © 5o(2(n - m)), (5o(4n), 0l(2n)), (5o(4n + 2),5o(2n + 1) © 5o(2n + 1)), 

- TypeEj: (ct, 5l(8)), (ey, ee © A;). 

In each of these cases J\f has two irreducible components, except for (5o(4n),5o(2n) © 5o(2n)), 
where there are four components. 



6.4 Applications 

We draw a number of conclusions from Theorem 16.181 Let 5" be a maximal torus of G containing A, 
and let be a basis for from which H is obtained (see Sect. 12. 2j) . We can now show that each 
fibre of the quotient morphism vrp : p — > ^//K has a dense open i^*-orbit. 

Lemma 6.22. Let s G a, let L = Zg{s)° , and let I = Lie(L). There is a dense open [K* n L)-orbit in 

AA([np). 

Proof. Since s G a, L is a ^-stable Levi subgroup of G containing A. Let -F£ = {a G ^ | G Z{L)}. As 
there is a surjective map from Fl/F{Z{L) n A) to the set of L^-orbits in AA([ n p)reg (Thm. I5.17|) . it 
win suffice to show that the map F* /{Z r\ A) ^ Fl/{Z{L) n A) induced by the embedding F* ^ _F£ 
is surjective. Let rg = rk(^ n G*-"^^). The basis H = {ai, • • • , c^r-o} determines an isomorphism 
(ai, Q!2, . . . , Oro) • A/{Zr\A) — > {k^Y'^. (Separability follows from Lemma 16.51 ) The subgroup 
F/ {Z n A) maps onto the set of ro-tuples of the form (±1, . . . , ±1). Since any Levi subgroup of G* is 
conjugate to a standard Levi subgroup, there exists w G W{G* , A*) such that w{Zg*{s)) is standard. 
But W{G* , A*) = Wa by Lemma [6. 171 Hence, after replacing s by some VF^-conjugate, if necessary, 
there is a subset J C H such that I is spanned by 0"^ and the subspaces 0(a; A) with a G ZJ n ^a- 
Then J = {/3i, /32, . . . , /^n} determines an isomorphism {Pi, P2, ■ ■ ■ , Pn) '■ A/{Z{L) H A) (k^Y'^. 
It is now easy to see that the projection onto the /9j-coordinates gives a surjective homomorphism 
A/{Z nA)^ A/{Z{L) n A) which sends F*/{Z n A) onto Fl/{Z{L) n A). □ 

Hence: 

Theorem 6.23. Every fibre of Tip contains a dense (open) K* -orbit. 

Proof. Let £, G p//K and let s be a semisimple element of vrp"^(0- We may assume after conjugating 
by an element of K, if necessary, that s G 0. Let L = Zg{s) = Zg{sY , I = Lie(L). Thus T^~^{Cj = 
K ■ {s -|-AA(lnp)}. By Lemma 16.221 there is an open K* n L-orbit in AA(lnp). Hence there is a dense 
K*-orbit in ir-^iO- □ 
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Remark 6.24. Let P = {g'^0{g)\g £ G}. Let x £ G and let a: = sit be the Jordan-Chevalley 
decomposition of x, where s is the semisimple part and u the unipotent part. Then x £ P if and 
only if 9{u) = u^^ and s is contained in a maximal 0-split torus of G {dXi 6.1]). Let Li denote 
the set of unipotent elements in P; recall (Cor. I5.2U() that there is a i^*-equivariant isomorphism 
^ : U — > N . Fix a maximal 0-split torus A of G. By |3T| 11.3-4] the action of K* on P is well-defined 
and the embedding A ^ P induces an isomorphism A/Wa — > P//K = P//K* . Hence each fibre of 
TTp : P — > P//K is ir*-stable and contains a unique closed (semisimple) i^-orbit. In |31l Rk. 10.4] 
Richardson conjectured that each fibre of vrp : P P//K has a dense open K*-oib\t. However, this 
is not true, as we now show. 

It follows from the above that every fibre of vrp can be written as K-a{Ur]ZG{a)) = K-a{Ur\ZQ{a)°) 
for some a £ A. Let a G ^, let L = Zcia)" and let Vi,V2, ■ ■ ■ ,Vi be the irreducible components of 
U n L. By Cor. 15.201 and Lemma 15.11 the Vi are of equal dimension, and each contains an open 
(L^)°-orbit which is just the intersection with the set of ^-regular elements of L. (An element x £ P 
is ^-regular if dim Zg{x) = dim Zg{A). Note that v £Vi is 0-regular in L if and only if av is 0-regular 
in G.) It follows that each irreducible component of iTp^ {TTp{a)) is of the form K ■ aVi for some i, and 
K • aVi is an irreducible component of ttJ, (vrp (a)) for all i. 

It is now easy to see that there is a dense open Er*-orbit in 7rp^(7rp(a)) if and only if Zcia) D K* 
permutes the components Vi transitively. Let G be almost simple, of type Es,F4, or G2, and let 
^ be a split involution of G. Since G is both simply-connected and adjoint, K* = G^ = K and 
L = Zcia) = ZG{a)° . It follows that there is a dense open K*-oThit in TTp^{TTp{a)) if and only if 
permutes the components of U D L transitively. Let o be a non-regular element of order 2. As G is 
adjoint, Z{L)/Z{L)° is cyclic of order 2 (see [211 Prop. 3.2]). Hence Z{L)/Z{L)'^ is cyclic of order 2. 
By Cor. I5.18| the L^-orbits in Af{ln p) are parametrised by the elements of Z{L)/Z{Vf'. Hence by 
15. 2UI there are two regular L^-orbits in ^ n L. It follows that there is more than one regular i^*-orbit 
in ■Kp^{TTp{a)). 

Let a; G g be such that x^^^ =0. McNinch has associated to x a family of optimal homomorphisms 
p : SL(2) — > G. These behave in a similar way to the 5l(2)-triples in zero (or large) characteristic. Let 

X ■ — > SL(2), x{t) ~ ) ' "''^ ~ ( ) ' let y = ^ ^ |j ^ . A homomorphism 

p : SL(2) — > G is optimal for x if dp{X) = x, and p o ;y is an associated cocharacter for x in G. We 
have the following facts: 

- Optimal homomorphisms exist: for any associated cocharacter A for x there is a unique homo- 
morphism p : SL(2) — > G such that dp{X) = x and p o x = X (120] and ^21, Prop. 44])- 

- Any two optimal SL (2) -homomorphisms for x are conjugate by an element of Zg{x)° . Thm. 
46]), 

- Zg{x) n Zg{X) = Zg(p(SL(2)) (m Cor. 45]). 

Recall that a homomorphism p : SL(2) — > G is good (cf. Seitz |M]) if all weights of pox oti q are 
less than or equal to (2p — 2). 

- A homomorphism p : SL(2) — > G is optimal for some x if and only if it is good Prop. 55]), 

- The representation (Adop, g) is a tilting module for SL(2) (This follows from l^J4[ Prop. 4-2]- 
See J13 Prop. 36 and Pf. of Prop. 37]). 

Let E, uj be as in Thm. EUand let g* = Q*{E). Let a € H: then E^t^ = by LemmalTHl Moreover, 
Wq, is an associated cocharacter for E^^ in Lq^. But -Lq, is a Levi subgroup of G, hence Wq, is associated 
to Ed in G. Let L* be the (unique) Levi subgroup of G* such that Lie(L* ) = © kE^ © kd6{Ea). 
Then E^ is distinguished in Lie(L* ). By our construction of G* (see the proof of Thm. I6.18|) Wq, also 
defines a cocharacter in A*. Hence uja:{k^) C (L*)(^) by the argument used in the proof of Lemma 
16.31 It follows that there exist optimal homomorphisms pa '■ SL(2) — > G and p'^ : SL(2) — > G* 
for Ea such that pa o x = oja = p'a ° X- By uniqueness, /9q,(SL(2)) C La and p^(SL(2)) C -L* . By 
Lemma [6.41 ^adO(Ea) is the unique element Fa £ Q{—a;A) such that [Ea,Fa] = dtOai^)- Therefore 
dpa(Y) = dp'a{Y) = Fa- It follows that dpa{x) = dp'aix) for all x £ s[(2). Hence we can show: 

Lemma 6.25. (i) g* is normalized by pa(SL(2)). 
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(ii) Ad pa{g)\g* = Adp'^ig) for all g G SL(2). 

(in) Let H he the minimal closed subgroup of G containing the subgroups /3a(SL(2)), a G 11. Then 
H is contained in Ng{q*). 
(iv) Adi^lg. = AdG*. 

Proof. Let j3 G <I>^, (5 / ±a, let j3 — ia, . . . , (3 + ja he the o-chain through /?, let 0(^) = g{P — ia; A) © 
. . .(Bg{P+ja; A) and let U = Q'^BYI 0(7! sum taken over all 7 G ia, . . . , P+ja}. Hence 

9 = 0(/3) © U and each summand is L^-stable, therefore /3Q,(SL(2))-stable. Since any direct summand 
in a tilting module is a tilting module ([3 Thm. 1.1]), 0(^) is a direct sum of indecomposable tilting 
modules for Pq,(SL(2)). For each positive integer c there is a unique tilting module T(c) for SL(2) 
with highest weight c: T(c) is simple if c < p (see |34| Lemma 1.3]). But now by our condition on p, 
g(^) is a direct sum of simple /3Q,(SL(2))-modules. Moreover, each tilting summand is infinitesimally 
irreducible, hence 0(^) is completely reducible as a pQ,(SL(2))-module, and as an s[(2)-module (with 
5[(2) acting via ado(d/>Q,). It follows that every 5[(2)-submodule of 0(/3) is pa (SL(2))-stable. 

For 7 G ^% let 0* = 0* n 0(7;^) (a one-dimensional root subspace), and let 0^^^ = 0^_jQ, © 
... © 0^_|_jQ- Then 0^^^ is a simple (i/9Q,(s[(2))-submodule of 0(^), hence is /3Q,(SL(2))-stable. (In fact 
0^^) is isomorphic to r((/3 + ja, a)).) Moreover, 0* = q*_^ © a © 0q © E 0(/3)) and 0:!l„ © © 0* = 
dpa{sl{2)) © (3(la) n 0). It follows that 0* is pQ,(SL(2))-stable. This proves (i). But now (iii) follows 
immediately. 

We have decomposed 0* as ©V^, where each is a simple dpQ(s[(2))-module of dimension < 4 
(< 3 if p = 3). Each summand is also a simple tilting module for pa{SL{2)) (resp. p^(SL(2))). But 
now, since dpa{x) = dp'^{x) for all x G s[(2), we must have: Ad pa{g)iv^) = Ad p'^{g){v.y) for all 
g G SL(2). This proves (ii). But AdG* is generated by the subgroups Ad/3^(SL(2)). Hence (iv) 
follows. □ 

Corollary 6.26. For elements of q* , G* -conjugacy implies G-conjugacy. 

Let r = t n 0*, p* = p n 0*. Clearly 0* = 6* © p* is the symmetric space decomposition of 0*. 

Lemma 6.27. Let x G p*. The following are equivalent: 

(i) X is a (6-)regular element ofp, 

(ii) X is a regular element of q* , 

(iii) 3^(2;) = 0, 

(iv) dim3p*(x) = r = dim a. 

Proof. Since a is a maximal toral algebra of 0*, the equivalence of (ii)-(iv) follows immediately from 
LemmaESl Suppose x G p*, and x is a regular element of p. Then dim3p*(x) < r, hence (iv) holds. 

It remains to show that if x is a regular element of p*, then x is regular in p. Let e be a regular 
nilpotent element of p*. Then e is G*-conjugate to E. But therefore e is G-conjugate to E by Cor. 
16.261 hence dim3g(e) = dimQ^, that is, e is regular in p. Suppose therefore that x is a non-nilpotent 
regular element of p*, and that x = x^+Xn is the Jordan-Chevalley decomposition of x. After replacing 
X by a (G*)^'-conjugate, if necessary, we may assume that x^ G a. Let L = Zg{xs), L* = Zg*{xs), I = 
Lie(L),[* = Lie(L*). Let H^ be a basis for ^{L,A), and let ujl ■ — > An L^^^ be the unique 
cocharacter such that {u^lvl) = 2 for all a G Hl (Cor. I5.11|) . There exists a unique cocharacter 

: — > A* n (L*)*-^-* satisfying the same conditions: hence a;^ can be identified with uol (the 
embedding Y{A*) ^ y{A) sends uj\ to ujl). We can therefore choose a representative El for the 
open Zi(ix'L)-orbit in [{2;ujl) such that El G I*. Clearly El is a regular nilpotent element of [*. By 
the argument used for Thm. 16.181 [* is the subalgebra of [ generated by a. El, and d9{EL). Hence L* 
and L stand in the same relation as do G* and G. 

Since x is regular in 0*, x„ is a regular nilpotent element of [*. But then Xn is L*-conjugate to El, 
hence L-conjugate to El- It follows that dim([ n 3g(x„)) = dim. Zq^A). Thus x is regular in p. This 
completes the proof. □ 

Lemma 6.28. For semisimple elements of p* , {G*)- conjugacy is equivalent to K-conjugacy. 
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Proof. Let a, a' be semisimple elements of p*. Since any two maximal tori of p* are conjugate by an 
element of G* (resp. K), we may clearly assume that a, a' G o. But now a, a' are i^-conjugate if and 
only if they are WA-conjugate, hence if and only if they are G*-conjugate. □ 

Let e be a nilpotent element of p* satisfying the equivalent conditions of Lemma 16.271 By Lemma 
15.41 there is an associated cocharacter A : — > {G*Y for e. As e is regular, ii*{e) is trivial. 
Therefore [p*, e] = t* and e] is of codimension r = dim a in p*. Let d be an Ad A-graded subspace 
of p* such that [t*,e] © = p*. We recah (by US 6.3-6.5], see also (HOi §3] for the proof in good 
characteristic) that every element of e + d is regular in g*, that the embedding e + X) ^ q* induces an 
isomorphism e + — > Q* //G* , and that each regular orbit in g* intersects e + d in exactly one point. 

Lemma 6.29. Let j be the composite of the isomorphisms k[p]^ — > A;[a]^'* — > A;[g*]'^ and let 
f e k[p]^,g e k[Q*f*. Thenjif) = g if and only if f\ 

e+v — 9\e+o- Hence p//K is isomorphic to e + d, 
and each regular K* -orbit in p intersects e + \3 in exactly one point. 

Proof. Clearly j{f) = g ^ f\ 

a — 9 1 a- The set of regular elements in o is a dense open subset. Hence 
its image in a//WA = 0-/Wa is dense. It follows that the set U of semisimple elements in e-|- d is dense. 
By LemmaE2Sl f\a = g\a f\u = 9\u /|e+o = g\e+o- Therefore the restriction k[p] k[e + d] 
induces an isomorphism A;[p]^ — > A;[e + d]. 

Let X G p be regular. Then any regular element of 7r|7^(7rp(x)) is ii'*-conjugate to x by Thm. 16.231 
There is a unique point y G e + d such that 7r(?/) = 7r(x). Moreover, y is regular by Lemma 16.271 This 
completes the proof. □ 

Corollary 6.30. Let k[p]^ = k[ui,U2, ■ ■ ■ ,Ur], where the Ui are homogeneous polynomials, and let 
x € p be regular. Then the differentials {dui)x, 1 < i < r are linearly independent. 

Proof. Let x be regular. By Lemma 16.291 there is a unique i^*-conjugate y of x in e + d. Therefore 
the differentials {dui)x are linearly independent if and only if {duijy are linearly independent (since 
^[p]^ = /i;[p]^ ). But the restriction map A;[p]^ k[e + X)] is an isomorphism. The result follows 
immediately since e + d is isomorphic to affine r-space. □ 

Lemma 6.31. The set p\TZ of non-regular elements in p is of codimension > 2. 

Proof. Let areg denote the set of regular elements in o. Since a \ a^eg is a union of hyperplanes in a, 
U = vrn(a \ areg) IS of pure codimension 1 in a/WA = p//K. Let V = 7rp^{U), the complement of the 
set of regular semisimple elements in p. For any x £ U, the irreducible components of -7r~^(x) are of 
dimension dimp — dim a, hence ^ is a closed set in p of codimension greater than or equal to 1. It 
is easy to see that p\7^ = y = y\(7^n V). But vrp(y) = U and each fibre of vrply has dimension 
strictly less than dimp — dim a. It follows that Y is of codimension > 2 in p. □ 

We can now apply Skryabin's theorem on infinitesimal invariants. The action of K on the poly- 
nomial ring k[p] induces an action of the Lie algebra 6 as homogeneous derivations of k[p]. We denote 
by A;[p]' = {/ G k[p] | (x • /) = Vx G £}. It is easy to see that k[p]^ contains the global invariants 
A;[p]'^. Moreover, the ring of p-th powers, ^[p]^^^ = {/^ | / G k[p]} is also contained in A;[p]'. 

Theorem 6.32. (1) (a) k[p]^ = k[p]^ ■ k[p]^P'> and k[p]^ is free of rank f over k[p\^P\ 

(b) k[pY is a locally complete intersection. 

(c) If TTp^i : p — > p//t = Spec(fc[p]*) is the canonical morphism then VTp f (7^) is the set of all smooth 
rational points ofpjjt. 

(2) Let Ki denote the i-th Frobenius kernel of K and let k[p\^^^'^ denote the ring of all p^-th powers 
of elements of k[p] . 

(a) k[p]^^ = k[p]^ ■ k[p]^P'^ and k[p]^^ is free of rank p" over k[p]^P'\ 

(b) k[p\^^ is a locally complete intersection. 

(c) Let TTp^Ki '■ P — > p//I^i denote the quotient morphism. Then vrp_/^.(7^) is the set of all smooth 
rational points of p//Ki. 

Proof. This follows immediately from Cor. I6.3U1 Lemma 16.311 and [361 Thm.s 5.4,5.5]. □ 
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